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s{_bz}qeMdy»z}qsu5z¬Ã5dUd8y{yuIyª§¯5wbvbqª¨©Iyeby{G«rzcs{zIv)qu_bd8c»d3qI¨+s{_dBzcebwb°}qKd
Iv6s{yuI°WbyuI§°¬d8cB±1i?5y{dbyud8zq{d°o¦¹\dIv¯qKz}rdy\su_bd¨©I°°¬¹
zvbed8|6ws{zIv
max{ sup
αi∈A
Lαi(x,Du);u(x) −Mu(x)} = 0, x ∈ RN , 2 ~43
¹
_dyud
Lαi(x,Du(x)) = Lαi(x, u(x), Du(x), D2u(x)),
Lαi(x, t, p,X) = −tr[aαi(x)X ] − bαi(x)p+ cαi(x)t− fαi(x).
Iv



Mu(x) := k + infξ∈RN
+
{u(x+ ξ) + c(ξ)},
k > 0, c : RN+ → R+,
c(0) = 0, c(ξ1 + ξ2) ≤ c(ξ1) + c(ξ2).
2 3
³hdyud A = {α1, . . . , αM} bdvbIs{d8qjsu_bd»q{dsI¨%5v5suy{5°q8ºWIquqKwbced3?s{B§MdªÌ¯vbz´sudI±^`_d»6d(5¦zdv6suq
(aαi , bαi , cαi , fαi)
yudIº5¨©Iy`d85_
αi ∈ A
ºr§MIwbv¯rd8Bv76zq{_z´s+8h¨©wbv¯ïs{zIv¯q
R
N → SN ×RN ×
R×R º¹
_bd8y{d SN rdvbIs{d3q's{_bd
q{ds1¨ N×N q{opc»ceds{yuz%cs{yuz}d8q8±ghvrdy/°5q{q{z}°r5q{q{wbcers{zIv¯qº
2 ~43ã_Iq\(wbvz|6wbd§¯5wbvrd3Ãpzqu6qKz¬stoeqK5°¬wrsuz¬5vºrrdvs{d3 u ±^`_dhyudIw°Iy{z¬stoI¨ u bdMdvbq\5vs{_bdy{5¯d8yKsuz¬d3q/¨su_bdpd
5¦zdv6sq
a, b, c, f
± ¤ djy{d¨©dy%s{¿¬3GÂ:ºW¿(9ÂW¨©5y/s{_djd«pz}qKs{dv¯dIº6su_bdhwbvz|6wbd8vbd8quq
IvUs{_bdyud5wb°Iy{z¬sto¨
u
±
^`_bd8v"¹%d5vq{zrd8y
ceIvbIs{IvdIbbyuG«pzcsuz¬5vqu_bdced8q`I¨ 2 ~43ïº¯¨'s{_bd¨©5°¬°¹
z¬v¨©5y{c;:
max{S(h, x, uh(x), uh);uh(x) −Muh(x)} = 0, x ∈ RN , 2 m3
¹
_dyud
S : RN+ ×RN ×R×Cb(RN ) → R
z}q%(Ivq{z}qtsudv6s8º6ceIvbIs{Ivz
Ivwbvbz¬¨©Iyuce°¬oe5v6s{zv6wIwq
IbbyuG«rz¬csuz¬5v"¨
supαi∈A L
αi(x,Du(x)) 2 q{ddªq{d8s{zIv<3ï± ¤ d»¹
z°¬°1rd8vbsud uh ∈ Cb(RN ) s{_bdq{I°wrsuz¬5vBI¨ 2 m3º¯¹
_z_?z}q+su_bdIbbyuG«pzcsuz¬5vI¨ u ºMv h ∈ RN s{_bdªc»d3qK_<q{z=8dI±+^`_zqj§qKs{yIsvsus{zIvq¹`Iq/z¬v6s{yurrwd8»§poª·`yu°¬d3q1vmp5wb5Ivbz}rzq+¿ 9Â¯s{(rz}q{b°Go»°d8Iy{°os{_d+ceIvbIs{Ivzz´sto(I¨
su_bdq{_bd8ced.:
S(h, x, r, v)
zq\vb5vrd3yud8Iq{zvbzv
r
vUvbIvz¬vy{d3Iq{z¬vzv
v
±/^ãopbz}I°MIbbyuG«pzcµ
suz¬5vqu_bdced3q+su_s¹\dª¹
z°¬°1Ivq{zbdyyude%°}IquqKz}I°'¸'zvbz´sudhz¬ÍMd8y{d8vd3q»¿ IGÂ:º?>d8vbdy°z=8d8®¸zvbz¬s{d
jz¬ÍMd8y{d8vd3q¿'@GÂv¿ GÂ:º¯v"i<Iy{¾5Ã¦%_¯zvBAhbbyuG«pzcsuz¬5vq¿ IGÂ:±
ghv5suz¬°vb¹ºhy{d3qKwb°¬suqIvQIvpÃ5dyuIdv¯d"yus{d3q¦¨©5yUceIvbIs{5vbdIbbyuG«pzcsuz¬5v²qu_bd8c»d3q¦I¨(s{_bd
d3|6wsuz¬5v¹
z¬s{_b5wrs+zc»wb°q{zIvq`_GÃ5dj§Mdd8v"I§rszvbd8DCzß± dI±¨©5y`s{_bd¨©5°¬°¹
z¬vªd3|5w¯s{zIv?:
sup
αi∈A
Lαi(x,Du(x)) = 0, x ∈ RN , 2 .3
IvUs{_bdyud°}sud8Bq{_bd8ced
S(h, x, uh(x), uh) = 0, x ∈ RN .½ãy{yuIyd8qKs{zcs{d3qj¨©Iys{_bz}qd8|6ws{zIv_GÃId»§¯d8dvÀI§rszvbd8®§poFEy{op°Ã¿HGÂ:º¿¬IÂ/v¯<su_bd8q{dey{d3qKwb°¬suq
¹\dyudUd«ps{dv¯rd8P§6o)·`Iy{°d8q»v¼5I¾I5§qKd8v ¿ Â:º¿ Â:±¼i?IyudÃ5dy3ºyud8q{wb°¬suq»IvZIvpÃ5dyuIdv¯dys{dU¨©Iy
ce5vbsuIvbdby{G«rzces{zIvBq{_bd8ced8q`¨»y{s{z}wb°}yJtquI5hd3|5w¯s{zIvB_GÃ5dj§Mdd8vB5§rsuIz¬vd8§6oUs{_bd
Iwrs{_Iyqj¿ÁGÂNºIvU§poU6¾5I§q{dv¿¬3GÂNº¿¬G3ÂN±
ìì çKöLïõL
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gjqKzvbs{_bd»ceds{_pzv5suy{rrw¯d8®§poBJtq{_bzz`¿¬H9Â:ºWsuy{Ã5d(s{_dªd«pz}qKs{dv¯d»¨%Uwbvbz}|5wdªÃpz}q{5q{z´sto
q{I°wrsuz¬5vI¨ 2 ~ 3ïº¹\dby{6I_ 2 ~43`§poUeq{d8|6wbdv¯d¨15q{8IrdbyuI§b°dcq 2 ~ãv*3ïº n ≥ 1 º
max{sup
αi
Lαi(x,Du(x));u(x) −Mun−1(x)} = 0, x ∈ RN , 2 <3
¹
_dyudIºb¨©5y
n = 0
º¯¹%d_GÃIdd8|6ws{zIv 2 .3ï± 6Eds un s{_d(Ãpzqu6qKz¬stoq{I°wrs{zIv"I¨ 2 ~/v*3±"J¶v"s{_bd»q{Iced¹`Go¹\dIbbyu55_ 2 m 3\§6oqKd3|5wdvdI¨'8IquIbdqu_bdced3q 2 mpv*3º n ≥ 1 º
max{S(h, x, uh(x), uh);uh(x) −Muh(n−1)(x)} = 0, x ∈ RN , 2 9 3
¹
_dyudIºp¨©Iy
n = 0
¹\d_GÃIdd8|6ws{zIv 2 mr 3ï±6ds uhn rdvs{dsu_bd(q{I°wrs{zIvB¨ 2 mpv*3±gjqKzvbBs{_bdceds{_brbqzv6s{yupbwd3®§po<·`yu°¬d3qvÀ5I¾I5§qKd8v)¿ÁGÂNºwbbMdy(Iv®°¹\dy§¯5wbvbqI¨
un − uhn
ºp¨©Iy
°°
n < +∞ ºbIy{dI§bsuzvbd3±1^`_bdwbbMdy`d8qKs{zcs{dI¨ un − uhn z}q%d3Iq{z¬d8y\s{»I§rszvsu_v)s{_bdB°¬¹\dy3±®^`_bdbyu6I¨
z¬vpÃI5°¬Ã5d8qª'&Ey{op°Ã<y{d8Iwb°}yuz=8 suz¬5v(¨ 2 ~ãv*3ïº/z:± dI±s{_bdB¯d8yKsuwbyu§¯d3d3|6wsuz¬5v
max
{
sup
αi,|e|≤ε
Lαi(x+ e),Duεn(x));uεn(x) −Mun−1(x)
}
= 0,
Ivz´sqÃ6z}qu5q{z¬sto"q{I°wrsuz¬5v
uεn
±A yud5wb°Iy{z=8 s{zIv<I¨
uεn
§po®5vpÃII°wrsuz¬5v<IzÃId3qIvÀIbbyuG«rz¬csud
q{ceps{_qKwb§bµNq{I°wrs{zIv?I¨ 2  3ïºrd8vbsud8 unε ºW¹
_bz}_<z}q°}qKUIv®by{G«rzcs{dªqKwb§bµNq{I°wrs{zIv?I¨ 2 9,3ï±mrº§po(wq{zvbs{_bd
5vq{zqKs{d8vo(y{5¯d8yKsto5º¹%d`I§bsuzvªs{_bd`wbbMdyã§¯5wbvª¨
un−uhn
º6¨èsudy1_bp5q{z¬v
Iv"Irsuz¬c°yceds{dy
I¨1y{d8Iwb°}yuz/83suz¬5v±ã^`_bd8vº¹\d5vq{zrd8y
u− uh
v"¹\d(rsu_bd¨©5°¬°¹
z¬v
bd85ce¯6qKz¬s{zIv
sup
x
(u(x) − uh(x)) ≤ sup
x
(u(x) − un(x)) + sup
x
(un(x) − uhn(x))
+ sup
x
(uhn(x) − uh(x)),
¨©5y+°°
n
zv
N
±/¸zvI°¬°oIº_66qKzvbªs{_bd5rs{zc°
n
ºb¹\dI§rszvUsu_bdy{d3qKw°´s3±
^(I§bsuzvsu_bdh°¹%d8y/d8qKs{zcsudIº6¹%dhqKsuIyKs%§6o»IzÃpz¬v(°¬¹\dyã§¯5wbvI¨
un−uhn
º5¨©Iy
n ∈ N ± ¤ dzv6s{yurrwdsu_bd¨©I°°¬¹
zvbeqK¹
z¬su_z¬vbq{orqtsudcÄ¹
_z_"by{G«rzces{d3q 2 <3
max{Lαi(x,Dvni (x)); vni (x) − min
j 6=i
{vnj (x) + `}; vni (x) −Mun−1(x)} = 0, 2 .3
¨©5y
x ∈ RN ºv i ∈ I = {1, . . . ,M} º ` ≥ 0 ±¸bIy°z¬s{dysuwbyudª5vsu_bdqK¹
z¬su_z¬vb?q{orqtsudcqºqKd8d¿ G ÂNºE¿8GÂNºE¿IÂ'v¯¿3GÂ:± ¤ dªIv¯qKz}rdy+s{_bdÃpz}q{5q{z´stoBqK5°¬wrsuz¬5v
vn = (vn1 , . . . , v
n
M )
¨'s{_zqjqKorqKs{dc"º
IvBIzÃIdvBd8qKs{zcsud¨'s{_bd(ysud¨1IvpÃ5dyuIdv¯d¨
vn
s{
un
±ã^`_bd8vB¹\d(5vq{zrd8y+e¯d8yKsuwbyu§¯d3
q{orqtsudc
max{ inf
|e|≤ε
Lαi(x+ e,Dwnεi (x));wnεi (x) − min
j 6=i
{wnεj (x) + `}; 2 <3
wnεi (x) −Mun−1(x)} = 0,
¨©5y%I°¬°
i ∈ I v x ∈ RN º6Ivz¬suqãÃ6z}qu5q{z¬sto»q{I°wrs{zIv wnε = (wnε1 , . . . , wnεM ) ±
¤ djy{d8Iwb°}yuz=8d
wnε§poe5v6Ã5I°wrs{zIve5§rsuIz¬vbzvb
wnε
ºrv»su_bzqã¨©wbvs{zIvUI°¬°¹+qsu§bwbz°}¦°p8°MqKwbMdy{µ¶qK5°¬wrsuz¬5ve¨ 2  3ï±
æ©Ù'ìæèÚ
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^`_dvºp§pobb°opz¬vs{_bd5vq{zqKs{d8vov¯es{_bdjceIvbIs{Ivzz´stoe¨su_bdq{_bd8cedIº6¹%djI§rszvs{_bd°¹%d8y
§MIwvB¨
un − uhn
±/¸zvI°¬°oIºq{zvd
sup
x
(uh(x) − u(x)) ≤ sup
x
(uh(x) − uhn(x)) + sup
x
(uhn(x) − un(x))
+ sup
x
(un(x) − u(x)),
_66qKzvbs{_d+Irsuz¬cI°
n
ºI¹\d
I§rszves{_bd
yud8q{wb°¬s8± ¤ z¬s{_Iwy/y{d3qKw°´s3ºI¹\d+vebyuÃId
Iv»wb¯d8yã§MIwbv¯
I¨ |h|1/2 Ive°¬¹\dy§MIwbv»I¨ |h|1/5 ¨©5y/°}IquqKz}I°6Ìvbz¬s{d+rz¬ÍMd8y{d8vd3q/qu_bdced
v¨©Iy15dvbd8yuI°¬z=8d3Ì¯vbz´sudrz´ÍWdyudv¯d8qqu_bd8c»d5± ¤ dvbIs{d»s{_s¹%deI§bsuzvs{_bdqucededyuy{5yjd3qtsuz¬csud8qIqzvs{_bd¦8Iq{d
¹
z¬s{_Iwrs+zcebwb°}qKzIvq¿ ÂNº¿ÁGÂN±
^`_bdI¯d8y%z}qã5y{6vbz=8d3Iqã¨©I°°¬¹+qH:q{d8s{zIv(z¬v6suy{rrwd8qãs{_bdvbIsusuz¬5vq\v5z¬Ã5d8q/s{_bdczv
yud8q{wb°¬s8±Umpd3ïsuz¬5vÀ"zv6s{yupbwd»s{_d¦Iqu5rdebbyuG«rz¬cs{zIvq¨ 2 ~43(v 2 m 3ï±mpd3ïsuz¬5v 9?5§rsuIz¬vqwb¯d8y`§¯5wbv¨
un − uhn
ºp¨©5y
°°
n < +∞ ºrvBmpd8s{zIv?(5z¬Ã5d8q%°¬¹\dy\§MIwbvU¨ un− uhn º6¨©IyI°¬°
n < +∞ ±+mpd3ïs{zIv<ez}qhbdÃIIs{d3Usus{_dbyup¨¨s{_bdceIz¬v"su_bd5y{d8c"±`¸'zv°°oUsu_bdA+¯d8vrz¬«5z¬Ã5d8q`q{Icedwr«rz°¬z}yuoes{_bd8Iyudcq`¹
_bz}_BIy{dwq{d8Us{_y{5wbI_b5wrs`s{_bd¯Mdy3±
   &	(&   & 
	E!B#
¤ dãqKsuIyKs§pohzv6s{yurrwzvb+q{Iced1vbIsusuz¬5vqW¹\d/¹
z¬°°wq{d/zvs{_bd%y{s{z}°dI±E·\o |·| ¹\d1ced8vsu_bdãqKsuv¯by½ãw°zbd8vÀvb5y{c zv­vpo
R
M stop¯dq{IdI± J¶v¯y{s{z}wb°}y3ºz´¨ X ∈ SN ºsu_bdv |X |2 = tr(XX>) º¹
_dyud
X>
z}q`s{_bdsuyuIvqKM5q{d¨
X
ºrzß± dI± |X | z}q`s{_bd¸y{5§¯d8vbz¬w¯q
vbIyuc"± JN¨ g z}q
ª§MIwvrd8U¨©wbvs{zIv¨©yuIc
R
N z¬v6su»d8z´su_bdy
R,RM
ºbIy\s{_d(qK5d¨
N × P ces{yuzd8q8ºr¹%dq{ds
|g|0 := sup
x∈RN
|g(x)|.
JN¨
g
z}q
°}qK6zqu_bz¬s85v5suz¬vpwb5wq8ºr¹%dq{ds
[g]1 := sup
x,y∈RN
x6=y
|g(x) − g(y)|
|x− y| , |g|1 := |g|0 + [g]1.
¤ drdvs{d§po ≤ su_bdIceMIvbd8v6s\¹
z}qKd5yurd8y{zvbªz¬v RN ºbIv¦§po  s{_bdIyrd8y{zvbzvs{_bdq{dvq{djI¨M5q{z¬s{zÃIdqKd8c»z}rdÌvbz¬s{dcsuy{z}d3q%zv S(N) ±/^`_bdqK¯Id Cb(RN ) 2 yud8q{± Cb,l(RN ) 3\¹
z°¬°EbdvbIs{ds{_bdq{5d»¨
Iv6suz¬vpwb5wqv§¯5wbvrd3¨©wbvïsuz¬5vq 2 y{d3qK±e§MIwbv¯rd8­v¯ 6Ez¬qu_bz¬s8»¨©wbvs{zIvq3j¨©yuIc
R
N su
R
±
>zÃId8v
g ∈ Cb,l(RN )M
º
M ≥ 1 º¹\d`rdvbIs{d`§po Lg Ivwb¯d8y1§¯5wbvª¨bsu_bd 6zq{_z´s+8`IvqKsuIv6sI¨
g
º
Lg := maxi=1,...,M [gi]1
±
¤ d¹
z¬°°wq{dqKd3|6wbdvd¨ce5°¬°z´Ì¯dyq
(ρε)ε
bdÌvbd3"Iq\¨©I°°¹+q(:
ρε(x) = ε
−Nρ(x/ε), 2 @3
ìì çKöLïõL
   	(
*
)  #,	) <! #"$%"
¹
_dyud
ρ ∈ C∞(RN ),
∫
RN
ρ = 1,
q{wbb {ρ} ⊆ B̄(0, 1) Iv ρ ≥ 0 ± ¤ dªrdÌvbds{_bd»ceI°°¬z¬Ì¯s{zIvI¨
g ∈ Cb(RN )
Iq\¨©I°°¹+q(:
gε(x) :=
∫
RN
g(x− e)ρε(e)de. 2 G<3
i<IyudÃId8y8º6z¬¨
g
z}q 6zqu_bz´s+8(5v5suz¬vpwb5wq8º5su_bdv
|g(x) − gε(x)| ≤ Lgε. 2 I<3
JN¨
g ∈ Cb(RN ) 2 y{d3qKE± Cb,l(RN ) 3ïºrsu_bdv"¹\d_GÃId
|Digε(x)| ≤ Cε−i|g|0, (
yud8q{±
Cε1−i|g|0), ∀ i = 1, . . . , n. 2 3<3
  ¸y{5c ¿¬H9ÂNºb¹%d_GÃ5dhsu_bd¨©I°°¹
z¬vbebyuIMdy{s{zd8q\5v M ºbbdÌvbd3Bz¬v 2 3ï±
   ÊãÊ Ó Ê	
	 

u, v : RN → R  )#.(		#& ! )	     
  " 
u ≤ v ) R   
) Mu ≤ Mv ) RN 
!" M(tu+ (1 − t)v) ≥ tMu+ (1 − t)Mv # t ∈ [0, 1] 
%$ M(u+ c) = Mu+ c  
 c ∈ R 
'&( |Mu−Mv|0 ≤ |u− v|0

 %%
u, v ∈ C(RN )  2
^`_bd(5q{q{wbcersuz¬5v¹\dwqKd5vd3|6wsuz¬5v 2 ~43`yudIq\¨©I°°¹+q(:
2 A3¸b5yh°° αi ∈ A ºrs{_bdcs{yuz´« aαi IvB§Md¹
yuz´s{s{dv aαi = 12σαiσαiT
ºb¹
_bd8y{d
σαi
zq+
N × Pcs{yuz¬«W±/^`_dyudd«rzqKsuq
e5vqKsuv6s
K
qKw¯_Usu_s3ºr¨©Iy+I°¬°
αi ∈ A
º
cαi ≥ 1 Iv |σαi |1 + |bαi |1 + |cαi |1 + |fαi |1 ≤ K.
2 A.3 1 > supαi{[σαi ]21 + [bα]1}
±
Ajq{q{wbcers{zIv 2 A3ãdvq{wbyud8q1su_s
°°Md8|6wsuz¬5vq%¹%dj¹
z¬°°WwqKdyud+¹\d°°´µN¯6qKd3DCrIquqKwc»bs{zIv 2 Aj.3d8vq{wby{d3q`s{_¯sI°¬°'qK5°¬wbs{zIvqjyud6zqu_bz´s+8v¯"§¯5wbvrd3"¨©wbvs{zIvq8± ¤ z¬s{_b5wrs5q{q{wbcersuz¬5v 2 Aj<3ïº¹\d_GÃIdsu_sjI°¬°q{I°wrsuz¬5vq+yud³*)5°rd8y+vB§MIwbv¯rd8± A+°°Iwy+y{d3qKw°´sq
v"§Mdd«ps{d8vrd3Bs{es{_zq
8Iq{dI±

d3qKw°´shI¨
¿¬H9bº¯^`_bd8Iyudc 9¯± ÂEIzÃId3q\s{_bdd«rzqKs{d8vdI¨/eÃ6z}qu5q{z¬stoUqK5°¬wbs{zIv"¨ 2 ~ 3ï±
i?IyudÃ5dy3º5dvbd8yuI°¬z=8zvb¯º¯zv<su_bdeI§pÃpz¬5wqh¹`GoIºWbyup¨/I¨h¿¬5º^`_bd5y{d8c b±ÁGÂNºM¹
_z_z¬vpÃI5°¬Ã5d8qjIvb°oBÌyqtsIyrdy
zcebwb°}qKd(Iv6s{yuI°WbyuI§°¬d8cBºr¹\dI§rszvUsu_bd¨©I°°¹
z¬vbebyuIM5q{z¬s{zIv±
   ÊãÊ Ó Ê	
+, )#.(   		#& ! ) 	- ( . /102 	  #&) 13(# 4H 	(	!5 	(% #&)
u
)
Cb,l(R
N )
 "
)! 
#&%/  
|u|0 ≤ sup
αi
|fαi |0. 2
æ©Ù'ìæèÚ
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6Eds
C ≥ 0 eIv¯qtsv6s8ºbIv"Iv¯qKz}rdy\su_bd¨©I°°¬¹
zvb»d8|6ws{zIv :
max{sup
αi
LαiC (x,Du);u(x) −Mu(x)} = 0, x ∈ RN , 2 ~\3
¹
_dyud
LαiC (x, r, p,X) = L
αi(x, r, p,X)−Ccαi(x) ± ¤ dj_¯GÃId+su_bdvUs{_bdj¨©I°°¹
z¬vbª°¬d8ceceºp¹
_bz_z}q`IzÃId8v¹
z¬s{_Iwrs+byup¨t±
 %Æ  )¡  

u
 	  	(+	5 	(% #&)   102  )# ) % 5B 
u + C
 	  H 	(	!5B	
% #&)  
10	
2

Æ )¡r   
 ")F 	( 3
# (%   		#& 
fαi(x) ≥ 0  
 %% x )  αi 	)    	% 
	&% 5	 ! %   	   !$ +	 # ( ( #,	)	 %/
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¤ dvb¹ qtss{d5q{q{wbcers{zIv¯qIvÀs{_bd¦bzquyudsudequ_bd8c»d 2 m3ïº'¹
_bz}_­Ibbyu55_bd8qhs{_bdUd8|6wsuz¬5v
2 ~43:
2 mW3i?Ivs{5vbz}z¬sto : S(h, x, r +m,u+m) ≥ m+ S(h, x, r, v)¨©Iy+I°¬°
h ∈ RN+
º
r ∈ R º m ≥ 0 º x ∈ RN Iv u, v z¬v Cb(RN ) qKw_s{_¯s u ≤ v z¬v RN ±
2 mb.3
d5wb°}yuz´sto$:¨©5yeI°¬° h ∈ RN+ v φ ∈ Cb(RN ) º x 7→ S(h, x, φ(x), φ) zq»§MIwbvbd8Zv5v5suz¬vpwb5wqHC
r 7→ S(h, x, r, φ) zqwbvbz¬¨©Iyuce°¬oÀIv6suz¬vpwb5wq¨©Iy§¯5wbvrd3 r ºwbvz´¨©5y{ce°o®¹
z¬s{_y{d3qKMd8s
s{
x ∈ RN ±
2 mr<3^`_bdyudUd«rzqKs n, ki > 0, i ∈ J ⊆ {1, . . . , n} v¯)<5vqKsuv6s Kc > 0 qKw¯_¥s{_s¨©5yª°°
h ∈ RN+
Iv
x
z¬v
R
N ºrIve¨©Iy\dÃ5dyuoqKcepsu_ φ ∈ Cn(RN ) qKw_¦s{_s |Diφ|0 zq\§MIwbvbd8º¨©Iy
d8ÃIdyuo
i ∈ J ºps{_d¨©I°°¬¹
zvbe_bI°}bqH:
∣
∣
∣
∣
sup
αi
Lαi(x,Dφ) − S(h, x, φ(x), φ)
∣
∣
∣
∣
≤ KcQ(φ),
¹
_bdyud
Q(φ) :=
∑
i∈J |Diφ|0|h|ki
±
2 m,9 37JN¨ v zq+q{I°wrsuz¬5vI¨
max{S(h, x, v(x), v); v(x) −Mv(x)} = 0, 2 53
s{_bd8v
νv
z}q
qK5°¬wrsuz¬5vI¨
max{S(h, x, νv(x), νv) + (ν − 1)f(x); νv(x) − νMv(x)} = 0, 2 G.3
¹
_bdyud
ν
zq
zv
(0, 1)
ºbIv
f
rdÌvbd8Bzv"d8|6wsuz¬5v 2 ~43ï±
2 mb.3 6ds C ≥ 0 ªIvqKsuIv5s3± JN¨ v z}q%q{I°wrsuz¬5vU¨ max{S(h, x, v(x), v); v(x)−Mv(x)} = 0 º s{_bd8v
v +C
z}q
q{I°wrs{zIv¨
max{SC(h, x, v(x), v); v(x) −Mv(x)} = 0
ºr¹
_bdyud
SC
z}q`rdÌ¯vbd8"Iq
S
ºb¹
z¬s{_Bs{_ds{dyuc
fαi
z}q
yudb°}Id8U§6o
fαi + cαiC
±
ìì çKöLïõL
G   	(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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) 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  (() D+ 
- ()
N = 1
<  ) 7	"
S(h, x, r, φ) :=
sup
αi∈A
{−aαi(x)∆φ(x) − bαi+ (x)δ+φ(x) + bαi− (x)δ−φ(x) + cαi(x)r − fαi(x)}, 2 3<3
  
+
δ±φ(x) =
φ(x ± h) − φ(x)
h
, ∆φ(x) =
φ(x + h) − 2φ(x) + φ(x− h)
h2
,
)#
bαi+ (x) := max(b
αi(x), 0)

bαi− (x) := max(−bαi(x), 0)
  %/% 5F		#&"!$)	     " 
  &B)#  B 	( 	 4   7+)	 	() "5 5+! 	 	  $   .-()   	 (5%/

!)	) 
Q(φ) = |D2φ|h+ |D4φ|h2, 2 (9 3
  
k2 = 1
)#
k4 = 2

¤ de¹
z¬°°/q{GoBsu_s(U¨©wbvïsuz¬5v
v ∈ Cb(RN )
z}q"qKwb§bµNq{I°wrs{zIv 2 yud8q{±q{wb¯d8yKµ¶q{I°wrs{zIv*3h¨%s{_bdqu_bd8c»d 2 m3\z´¨
max{S(h, x, v(x), v); v(x) −Mv(x)} ≤ 0, ( yud8q{± ≥ 0), ¨©Iy+°° x ∈ RN .
^`_dvd«ps+byuIM5q{z´suz¬5vz}q
ªÌyuqKshqKs{d¨©Iy
y{Ãpzvbªwvbz|6wbd8vbd8quq`¨1q{I°wrs{zIvB¨ 2 m3±
   ÊãÊ Ó Ê	

  

S
	( 	  5      4) 
u

v
-   	(% #&) 	 
max{S(h, x, u(x), u);u(x) − ψ1(x)} = 0, x ∈ RN , 2 3.3
max{S(h, x, v(x), v) + g(x); v(x) − ψ2(x)} = 0, x ∈ RN , 2 8<3
  
+
ψ1

ψ2
) 
g
 
%/(
)*	 
Cb(R
N )
$() 
|u− v|0 ≤ max{|g|0; |ψ1 − ψ2|0}. 2 @3
   ÊÊ 
`mrz¬vd
u
v
v
Iy{dq{I°wrs{zIvq`I¨ 2 G.3\v¯ 2 8 3ãyud8q{Md8ïsuz¬Ã5d°oIºr¹\d_GÃIdjs{_s
max{S(h, x, u(x), u);u(x) − ψ1(x)} ≤ 0,
max{S(h, x, v(x), v) + g(x); v(x) − ψ2(x)} ≥ 0,
¨©5y\I°¬°
x
z¬v
R
N ±/mpzvd max{A;B}−max{C;D} ≤ max{A−C;B−D} º 2 3<3/Iv 2 8<3/z¬ceb°o
0 ≤ max{S(h, x, v(x), v) + g(x) − S(h, x, u(x), u); v(x) − ψ2(x) − (u(x) − ψ1(x)}.
³hdvd¹%d_GÃ5dhsu_bdst¹\ª¨©5°¬°¹
zvb»8Iq{d8q8±
 3
u(x) − v(x) ≤ ψ1(x) − ψ2(x)
º¯¹
_bz_"zceb°¬zd8q
u(x) − v(x) ≤ |ψ1 − ψ2|0
±
§ 3
S(h, x, u(x), u) ≤ 0 ºbv S(h, x, v(x), v) + g(x) ≥ 0 ±/^`_bd8v S(h, x, v(x), v) + |g|0 ≥ 0 ºbv
æ©Ù'ìæèÚ
 
		
		 "!$#&%'	( )*+%,!$.-(%/( I
Ibb°opz¬vb"su_bdUce5vbsuIvbz}z¬stoIº
S(h, x, v(x) + |g|0, v + |g|0) ≥ 0
±"·\oZ¿ bº^`_dIyudc r±ÂNº5§rsuIz¬v
u(x) − v(x) ≤ |g|0
±
%5c§bzvbzvb»s{_bdst¹\Iq{d8q\¹\d_GÃId
sup
x
(u(x) − v(x)) ≤ max{sup
x
g(x); sup
x
|ψ1(x) − ψ2(x)|}.
^`_bd(IvpÃId8yuq{dhzvbd3|5w¯°z´sto¦z}q
5§rsuIz¬vbd3Uzv?eqKzcez¬°}y
¹`GoI±
2¤ d(Iv5z¬Ã5dv¹s{_dwbvbz}|5wdvbd3q{q`yud8q{wb°¬s8±
   ÊãÊ Ó Ê	
  $(. 		  #&) 13(#  	(% #&)
uh ∈ Cb(RN )
   	
   ÊÊ 
 6Eds
uh
v
vh
§Md(qK5°¬wbs{zIvq`I¨ 2 m3ï±/·\o 2 m,9 3º νuh zq
eq{I°wrs{zIvB¨
max{S(h, x, νuh(x), uh) + (ν − 1)f(x); νuh(x) − νMuh(x)} = 0, x ∈ RN ,
¨©5y
ν ∈ (0, 1) ± A+b°¬oby{5¯6qKz¬s{zIv"r± ªs{I§bsuzv
|νuh − vh|0 ≤ max{|(ν − 1)f |0; |νMuh −Mvh|0}.
·\o"¿Iºr^`_bd5y{d8c ± Â:ºp¹\dh¾pvb¹²su_s |νMuh−Mvh|0 < |νuh− vh|0 ºrIv¦_bd8vd |νuh− vh|0 ≤
|(ν − 1)f |0.
6dsKs{zvb
ν
I»suB5ºr¹%d_GÃ5ds{_bdyud8q{wb°¬s8±
2¤ d(qKds8º
J
§¯d8z¬vebdÌvbd3Bz¬v 2 mb<3:
γ̄ := min
i∈J
{
ki
i
}
, γ := min
i∈J
{
ki
3i− 2
}
. 2 HG<3
¤ dªd«rb°Iz¬v®§by{zd¯oB_¹ ¹\d5§rsuIz¬v®IwbyjceIz¬vy{d3qKw°´s3± J¶v?su_bd¨©5°¬°¹
zvb¦¹\d§bwbz°}®q{d8|6wbdv¯d8q
2 ~/v*3jv 2 mpv*3º n ≥ 0 ºM¨1d3|5w¯s{zIv?I¨1stop¯d 2 <3hv 2 9 3+y{d3qKMd8s{zÃId8°¬o5º¹
_bz}_®by{G«rzcs{d 2 ~43Iv 2 m3ï±/^`_bd8vU¹\dh_GÃ5d
s{_¯s\s{_bdqKd3|6wbdvdhI¨Ã6z}qu5q{z¬stoeq{I°wrsuz¬5vq un ¨ 2 ~/v*3º n ≥ 0 ºr5v6Ã5dyuId3qsu
u
ºMIv"su_bdªq{d8|6wbd8vdª¨ãq{I°wrs{zIv
uhn
¨ 2 mrv*3ïº n ≥ 0 ºW5v6Ã5dyuId3q\s{ uh ± ¤ dª¹
z°°5z¬Ã5ds{_bd3qKdysud8q
I¨/IvpÃ5dyuIdv¯dI±`¸'z¬v¯°°¬o5º¨©5yhd85_
n
¹%d(5z¬Ã5d(v?wb¯d8yIv?°¹%d8y+§¯5wbv"I¨
un − uhn
º
Iv¹%dwq{ds{_bd3qKd§MIwbv¯bq`s{e5§rsuIz¬v 2 I<3±¤ d(qtssudvb¹ 5wby`ceIz¬v"yud8q{wb°¬s8±
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u ∈ Cb,l(RN )
) 
uh ∈ Cb(RN )-B B#&)*13
#   	(+	5 	(% #&)   102  )   ;#&) 13(# 7	
% #&)       
	! 
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% 5	 $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
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	B  -#&)#	" %  
−C|h|γ ≤ u− uh ≤ C|h|γ̄ , 2 HI<3
  
+
C
 	7 -#&) .F) 	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K
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 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	 
) 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 	 ()   
un
)#
uhn

%5vqKz}rd8yjvb¹ su_bdªÌvbz¬s{drz¬ÍMd8y{d8vd»q{_bd8cedIzÃId8v<zv®d«bIc»°¬dr±Ár± ¤ d»_GÃ5d(s{_d¨©5°¬°¹
z¬v
yud8q{wb°¬sH:
ìì çKöLïõL
3   	(
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u
  	
% #&)  102  

N = 1
 )  %/(
uh
  	(% #&)        
S<  ) 7	 )  ($ $ 
%%/ )	B  -+#&)#	" %  
−C|h|1/5 ≤ u− uh ≤ C|h|1/2, 2 <3
  
+
C
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  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	 
) 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 	 ()   
un
)#
uhn

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 A+b°¬opzvb 2 H9 3ïº¹%d5§rsuIz¬v γ = 1/5 v γ̄ = 1/2 ±¦^`_bd8v¥¹%dIv­wqKdesu_bdbyud8d8rd8v5ssu_bd5y{d8cs{e5§rsuIz¬vs{_bdyud8q{wb°¬s8±
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N > 1  	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7 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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() 
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J¶v®s{_bz}qq{d8ïsuz¬5v®¹\dª¹
z°°'y{d3qKd8v5ss{_deIbbyuG«rz¬csuz¬5vq+I¨ 2 ~ 3v 2 m3ºEv®¹%d»¹
z°¬°/qKs{wbo"s{_bd8z¬ycIz¬vBbyuIMdy{s{zd8q8±
 ! "$#&%(')+*-,/.&%1032546%87:9;<,=)?>
¤ de¹
z¬°°1by{6I_<d3|5w¯s{zIv 2 ~43j§po<BqKd3|5wdvdªI¨%I§¯qtsI°dy{5§b°¬d8cq± ¤ de¹
z¬°°wq{dªsu_bdq{Icedceds{_brbq5qzvQ¿(9ºã~/yup¨jI¨+s{_dIyudc 9¯± Â:º/s{­byuÃId¦su_sesu_bd?qK5°¬wrsuz¬5vqª¨hsu_bd?qKd3|6wbdvdI¨
d3|6wsuz¬5vq`IvpÃ5dyuIdjs{»s{_bd(q{I°wrsuz¬5vI¨ 2 ~43ï±·\oUyudcIy{¾Ub± 9¯º6¹\d_GÃ5dhsu_s
u ≡ 0 z}q+»Ãpzqu6qKz¬sto¦q{wb§rµ¶qK5°¬wrsuz¬5vI¨ 2 ~43ï±%5vqKz}rd8y`s{_bd¨©5°¬°¹
z¬vªbyuI§°¬d8cB:
sup
αi
Lαi(x,Du(x)) = 0, x ∈ RN . 2 ~ã<3
ghvrd8y5q{q{wbcersuz¬5vq 2 A(µA.3ïºWsu_bz}qjd3|6wsuz¬5v®_5qjwbvbz}|6wbdªÃpz}q{5q{z´sto?q{I°wrs{zIv u0 z¬v Cb,l(RN ) ±mrz¬vd
u ≡ 0 z}qhÃpz}q{5q{z´stoBqKwb§bµNq{I°wrs{zIv?I¨ 2 ~ã 3ïºMs{_bd»5c»¯yuzq{IvBbyuz¬vz¬°¬d 2 qKd8dU¿(9bºW^`_bd8Iyudc± Â3%zceb°¬zd8q
0 ≤ u0
±%%Iv¯qKz}rdy\su_bd¨©I°°¬¹
zvb»byuI§b°dc;:
max{sup
αi
Lαi(x,Du(x));u(x) −Mu0(x)} = 0, x ∈ RN . 2 ~+3
mrz¬vd Mu0 zqIv6s{zvpwbIw¯qº3wbvrd8yEIquq{wbcers{zIvq 2 A(µA.3ºsu_bdyud/d«rz}qtsq`wbvbz}|6wbd/Ãpz}q{5q{z´stoqK5°¬wrsuz¬5v
u1
I¨ 2 ~+3/z¬v Cb,l(RN ) ±/mpz¬cez°Iy{°oIºI¨©Iy n = 2, 3, · · · º5°ds un ∈ Cb,l(RN ) §Md+s{_dhwbvbz}|6wbd+Ãpz}q{5q{z´stoq{I°wrsuz¬5vI¨
max{sup
αi
Lαi(x,Du(x));u(x) −Mun−1(x)} = 0, x ∈ RN . 2 ~/v*3
JNs'zqd85qKojs{_bd8¾hs{_s
u1
z}q
Ãpz}q{5q{z´stoq{wb§rµ¶qK5°¬wrsuz¬5v¨
(P0)
±·\os{_d%5ceyuzq{Ivbyuzvzb°dIº
u1 ≤ u0
±<i?IyudÃ5dy3º¹\d¦¾pvb¹ su_s
u ≡ 0 zqª<qKw§rµNq{I°wrsuz¬5vÀI¨ (P1) z¬v RN º1v¯Às{_bd8v 0 ≤
æ©Ù'ìæèÚ
 
		
		 "!$#&%'	( )*+%,!$.-(%/( 5
u1 ≤ u0
zv
R
N ±
~/yuIM5q{z´suz¬5v?b±¬5º 2 3ºzc»°¬zd8qhs{_s Mu1 ≤ Mu0 º¯s{_bd8v?¹%dªv<quGo¦su_s u2 zq»Ãpz}q{5q{z´sto¦q{wb§rµ¶qK5°¬wbs{zIvB¨ 2 ~+3º¯IvI°q{ u2 ≤ u1 zv RN ±/·\o¦zvrws{zIv"ÃId8y n ºb¹%d5§rsuIz¬v :
0 ≤ · · · ≤ un ≤ · · · ≤ u2 ≤ u1 ≤ u0. 2 r3
¤ dUIv¥qKd8dªsu_s3ºz¬¨ |u0|0 ≤ k ºEs{_bd8v u0 z}q("Ãpz}q{5q{z´sto®q{I°wrsuz¬5vI¨ 2 ~43v¯®su_bdv¥¹\dyud¨©dysu®¿ GÂNº'¿Á3Â'¨©Iydyuy{5y+d8qKs{zcsud8q8±jmpwbbM5q{dv¹Qsu_s |u0|0 > k ºv¯"°¬ds µ ∈ (0, 1) q{w_?su_sqKds
µ|u0|0 < k
±
 ÆpÊ   Æ   
1  (    
 %%
n

un − un+1 ≤ (1 − µ)n|u0|0. 2 I.3
   ÊÊ<:6ds
n ∈ N ºbIv θn ∈ (0, 1] §Md(q{w_Usu_s
un − un+1 ≤ θnun,
zv
R
N . 2 <3
2 ·\o 2 r3ïºMs{_zq_b5°qjs°d85qts¨©Iy θn = 1 ±'3À
d¹
yuz¬s{zvb 2  3h5q (1 − θn)un ≤ un+1, v®wq{z¬vby{5¯6qKz¬s{zIv"r±IºrIds
(1 − θn)Mun + θnk ≤ (1 − θn)Mun + θnM0 ≤ M[(1 − θn)un] ≤ Mun+1. 2 9 3
¤ dvb¹Qby{Ã5dhsu_s
(1 − θn + µθn)un+1 ≤ un+2, 2 95 3
¹
_dyud
un+2
z}qsu_bdÃpz}q{5q{z´stoZqK5°¬wbs{zIv ¨ 2 ~/v<3ï± mrz¬vd un+1 z}qUs{_bdÃ6z}qu5q{z¬stoZq{I°wrs{zIv I¨
2 ~/vª3ïºãIv fαi(x) ≥ 0 º1¨©5y»I°¬° x v)¨©Iye°° αi º/¹\dU_GÃ5d¦s{_¯s (1 − θn + µθn)un+1 z}qªÃpz}q{5q{z´sto¼qKwb§bµNq{I°wrs{zIvZ¨
supαi L
αi(x,Dv(x)) = 0 ± i?IyudÃ5dy3º/§po)su_bd<5vqtsuy{w¯ïs{zIvZ¨su_bdq{d8|6wbd8vd 2 r3ºbv§po 2 9 3ºr¹%d_GÃ5d
(1 − θn + µθn)un+1 ≤ (1 − θn)un+1 + µθn|u0|0, 2 5 3
Mun+1 ≥ (1 − θn)Mun + θnk. 2 5§*3
^'¾pzvb¥su_bdrz¬ÍWdyudvd®§Mdst¹\ddv 2 II<3Uv 2 I§*3ïºhIv ¾pvb¹
zvb­s{_¯s un+1 z}q¦su_bd®Ãpz}q{5q{z´stoq{I°wrsuz¬5vI¨ 2 ~ãv*3ïº¯¹%d_GÃ5d
(1 − θn + µθn)un+1(x0) −Mun+1(x0)
≤ (1 − θn)un+1(x0) + µθn|u0|0 − (1 − θn)Mun(x0) − θnk
≤ (1 − θn)un+1(x0) + θnk − (1 − θn)Mun(x0) − θnk ≤ 0.
mr¹\d
Iv»quGos{_¯s
(1−θn+µθn)un+1
z}q1Ãpzqu6qKz¬sto(qKw§rµNq{I°wrsuz¬5vªI¨ 2 ~/v.3±'^`_d+IceIy{z}q{Ivy{zvzb°dz¬ceb°z¬d3q 2 95 3ïºrIy`d3|5wz¬Ã°dv6su°¬o
un+1 − un+2 ≤ θn(1 − µ)un+1. 2 <3
ìì çKöLïõL
G   	(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Ajq1zv?¿¬H9bº5~ãy{p¨W¨Ms{_dIyudc 9±ÁGÂNºI§po(su_bd+zvbd8|6wI°¬z¬s{zd8q
u0−u1 ≤ u0
zv
R
N º5¹%dhI§rszv u1−u2 ≤
(1− µ)u1
z¬v
R
N ±/^`_bd8v¹\dvsuI¾Id θ1 = 1− µ Iv¦¹\dI§rszv u2 − u3 ≤ (1− µ)2u2 ºbIv¦§pozvrw¯ïs{zIv"¹\d_GÃId
un+1 − un+2 ≤ (1 − µ)n+1un+1 ≤ (1 − µ)n+1|u0|0. 2 2 <@3
·\o 2 r3v 2 I.3ºE¹\d¦Iv­Ìv­B¨©wbvs{zIv u ∈ C(RN ) º1q{w_Às{_s |un − u|0 → 0 º'¹
_bdv
n→ +∞ ±/~/yuIM5q{z´suz¬5v<r±Ivs{_bd(qKsuI§bz°¬z¬stoUI¨q{I°wrs{zIv¯q`z¬ceb°o¦su_s u z}q+eÃpz}q{5q{z´stoUq{I°wrsuz¬5vI¨ 2 ~43ï±\^`_bdv"¹\d(IvBquGos{_¯s un IvpÃId8y{5d8qãs{ u ºrs{_bdwvbz|6wbdÃ6z}qu5q{z¬sto¦qK5°¬wrsuz¬5v"¨ 2 ~43º¹
_bd8v
n → +∞ ± ¤ d(¹`v6s
sud8qKs{zces{dIv"wbbMdyh§MIwv"¨ un − u ¨©5yhv?yu§bz¬s{yyuo n ±\·\o 2 I<3`vq{zvd
(1 − µ) < 1 ºb¹%d5§rsuIz¬vs{_s8ºr¨©5y+°° n ≥ 0 º
un − u ≤
+∞
∑
i=n
(1 − µ)i|u0|0 =
(1 − µ)n
1 − (1 − µ) |u0|0 =
(1 − µ)n
µ
|u0|0. 2 G<3
  ! "$#&%(')+*-,/.&%1>59 % * = " ! .;% %
Ajq`¹%d_¯GÃIdrIvbd¨©5y`s{_bdd3|5w¯s{zIv 2 ~ 3ïº¹\d¹
z¬°°EIbbyu5I_ 2 m3\§poUeq{d8|6wbd8vd¨d8|6ws{zIvq8±6Eds
uh0 ∈ Cb(RN )
§¯dsu_bdwbvbz}|6wbd(qK5°¬wbs{zIvB¨
S(h, x, uh(x), uh) = 0, x ∈ RN . 2 mr<3
mrz¬vd Muh0 z}q
Iv6suz¬vpwb5wqº6su_bdyudd«rz}qtsq
ªwvbz|6wbd(q{I°wrsuz¬5v uh1 ∈ Cb(RN ) ¨
max{S(h, x, uh(x), uh);uh(x) −Muh0(x)} = 0, x ∈ RN . 2 I<3
¸Iy
n = 2, 3, · · · ºr¹\dvbIs{d uhn s{_dwbvbz}|5wd(Iv6suz¬vpwb5wq
v§MIwbvbd8"qK5°¬wbs{zIvB¨
max{S(h, x, uh(x), uh);uh(x) −Muh(n−1)(x)} = 0, x ∈ RN . 2 mpv*3
^`_bdj¨©wbvs{zIv
uh1
zq`»qKw§rµNq{I°wrsuz¬5v¦¨ 2 mr<3ºbv¦s{_bd8v uh1 ≤ uh0 zv RN ±1ghq{z¬vb»yudcyu¾¦r± 9IvÀIquqKwbcersuz¬5v 2 mb.3ºE¹\deÃIdyuz¬¨©o"s{_s uh ≡ 0 zq"q{wb§rµ¶qK5°¬wbs{zIv®I¨ 2 I 3hzv RN º'v®s{_dv­¹%d_¯GÃId
0 ≤ uh1 ≤ uh0
zv
R
N ±`~/yuIM5q{z´suz¬5v<r±zceb°z¬d3q
s{_¯s 0 ≤ Muh1 ≤ Muh0 ºbs{_dv uh2 zq+q{wb§rµ¶q{I°wrs{zIv¨ 2 I 3ïºbIvB_bdvd uh2 ≤ uh1 z¬v RN ±/·\o¦z¬v¯rwïsuz¬5v"Iv n ºb¹%d5§rsuIz¬v
0 ≤ · · · ≤ uhn ≤ · · · ≤ uh2 ≤ uh1 ≤ uh0. 2 I<3
Ajqz¬v)q{wb§q{d8s{zIv­b±Iº¹%dq{wbbM5q{des{_s |u0|0 > k ±U^`_bd8vºqKzvd uh0 → u0 º¹\de_GÃId°}q{
|uh0|0 > k
Iv¹%d(8v"_bp5q{d
µ ∈ (0, 1) qKw_s{_¯s µ|u0|0 < k ºbIv µ|uh0|0 < k ±
 ÆpÊ   Æ   
'  %%
n
   
uhn − uh(n+1) ≤ (1 − µ)n|uh0|0. 2 b3
æ©Ù'ìæèÚ
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   ÊÊ<: ¤ djw¯qKd
su_bdq{Ic»dhc»ds{_brbq\Iqãz¬v¦s{_bd8Iyudcb±IºIsu¾pzvbªq{Iced
θn
±1^`_bdjwbvbz}|5wdjrz¬ÍMd8y{d8vd
z}q
su_s¹%d_GÃIdsuUqK_¹Qsu_s
(1 − θn − µθn)uh(n+1)
zqj¦qKw§rµNq{I°wrsuz¬5v?¨ 2 mpv .3ïºM¹
_bz}_<Iv§Md¹
yuz´s{s{dv
max{S(h, x, uh(x), uh);uh(x) −Muh(n+1)(x)} = 0, x ∈ RN .
¤ z¬s{_Bsu_bdceIvbIs{Ivzz´sto¦I¨
S
º¹%dI§bsuzvs{_bdyud8q{wb°¬s8±
2¤ dj_¯GÃId
byuÃId3»s{_s
uhn
IvpÃId8y{5d8q's{s{_bdqK5°¬wbs{zIv
uh
I¨ 2 m3º5¨©5y n→ +∞ ±'i?5y{d8ÃId8y1¹%d_¯GÃId
uhn − uh ≤
+∞
∑
i=n
(1 − µ)i|uh0|0 =
(1 − µ)n
µ
|uh0|0. 2 5.3
   B !B`Ä*À(!B&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J¶v¦s{_bz}q`qKd3ïs{zIvU¹%dj¹
z¬°°WwqKdhs{_bdcedsu_brbqãI¨ã¿ GÂ:ºW¿ÁGÂNº6s{5§rsuIz¬vvUwb¯d8y%§MIwv¦I¨
un−uhn
º6¨©Iy
I°¬°
n
± ¤ dqKsuIyKs`¹
z¬s{_s{_bd5qKd
n = 0
ºbIvsu_bdvB¹%d¹
z°¬°qKs{wbos{_bd5dvbd8yuI°M8Iq{d
n ≥ 1 ±1¸'zv°°¬o5º¹\d¹
z¬°°wq{ds{_bd3qKdd3qtsuz¬cs{d8q\sueI§rszvsu_bdwbbMdy
§MIwvB¨
u− uh
±
;  */)  % -= ,/.&)?9&, =  9 != )?> 
%5vq{zrd8y\s{_bdbyuI§°¬d8c 2 ~ã 3`vBz¬suq
Ãpz}q{5q{z´sto¦q{I°wrsuz¬5v u0 ∈ Cb,l(RN ) ±6ds
Lu0 := sup
αi
[cαi ]1|u0|0 + [fαi ]1
1 − [σαi ]21 − [bαi ]1
.
¤ dyud8I°¬°W_bd8y{dsu_bdy{d3qKw°´s+I¨%¿@6º 6EdcecA(±ÂN±
 %Æ  )¡ 2
1
Lu0
 	) #!.! 
-#&)#    4  !*	(, +)	)  
u0

2
%5vqKz}rd8ysu_bd?q{_bd8ced 2 mb<3ªvPz´sq»q{I°wrsuz¬5v uh0 ∈ Cb(RN ) ± ¤ dBy{d3I°¬°%s{_s Lαi v SqusuzqK¨©o?IquqKwc»bs{zIvq 2 A(µA.3hv 2 mWµtmb<3ï± Ahv®wb¯d8yj§MIwbv¯<¨ u0 − uh0 _5qh§Mdd8v<I§bsuzvbd3zv­¿ Â:±\³+d8y{d¹\dvbdd3Bs{yud¹
yuz´sud(qK5cedzrd3Iq`I¨'su_bz}q
Mdy3ºbzv?Iyrdy`su¦rdsz°IvqKsuIv5sq`¹
_bz}_
IbMd8y`zv"ÃGIy{zIw¯q%y{p¨Óq8±1^`_bd(wb«pz°zIy{od3|5w¯s{zIv 2 q{dd¿HGÂ3
sup
αi∈A,|e|≤ε
Lαi(x+ e,Duε0(x)) = 0, x ∈ RN , 2 ~%~43
_¯Iq
ewbvbz}|6wbdÃpzqu6qKz¬stoUq{I°wrs{zIv
uε0 ∈ Cb,l(RN )
±46Eds
u0ε
su_bdceI°°¬z¬Ì¯s{zIv"¨
uε0
ºrdÌvbd3B5q
zv
2 G<3± ¤ d5z¬Ã5djvb¹ »°¬d8c»cewq{d¨©w°z¬vBsu_bd(qKd3|6wbd°:±
 %Æ  )¡ 2
' ?(
g ∈ Cb,l(RN )
 )# 	 %%   )
gε
$(
ε = |h|γ̄    
)  J -
)	 . )$ )  $ 
Q(gε) ≤ |J |Kc|g|0|h|γ̄ . 2 I<3
ìì çKöLïõL
H9   	(
*
)  #,	) <! #"$%"
   ÊÊ<:/ghq{z¬vb 2 8<3ºrIds
Q(gε) = Kc|g|0
∑
i∈J
ε1−i|h|ki = Kc|g|0
∑
i∈J
|h|γ̄(1−i)+ki .
mrz¬vd
γ̄(1 − i) + ki ≥ γ̄
ºb¨©Iy+°°
i ∈ J ºb¹%d5§rsuIz¬vs{_bdyud8q{wb°¬s8± 2¤ dy{d3I°¬°_bd8y{dsu_bdy{d3qKw°´s
¨`¿Ápºb~/yuIM5q{z´suz¬5vB± Â:ºr¹
_dyud¹\drdsz°qK5cedIvqKsuIv6suq8±
   ÊãÊ Ó Ê  
   

u0 ∈ Cb,l(RN )
 - 	
	!5	(% #&)  10  ) 
uh0 ∈ Cb,l(RN )
 
	(% #&)     	$()   
u0(x) − uh0(x) ≤ C̄0|h|γ̄ , ∀ x ∈ RN , 2 Ē0 3
C̄0 := |J |Kc|uε0|0 +R, 2 .9 3  
+
R
.! 
) 	)*% 5 )F  ) 	) 
K
 		#& ! )  - 	
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<: J¶v¥¿ ÂEsu_bdIwrs{_b5yuq+ÃIdyuz¬¨©o¦s{_¯s
u0ε
z}qh°5q{q{z}°q{wb§rµ¶q{I°wrs{zIv"¨ 2 ~ã<3±`·\os{_bdªIv¯qKz}qtµsudvo¦_pop¯Is{_bd3qKz}q 2 mr 3ïº 2 8 3`v°¬d8cece 9¯± bº
S(h, x, u0ε(x), u0ε) ≤ Q(u0ε) ≤ |J |Kc|uε0|0|h|γ̄ , x ∈ RN .i<IvbIs{Ivzz´stoz¬ceb°z¬d3qsu_s
u0ε − |J |Kc|uε0|0|h|γ̄ ≤ uh0
±?·\o¼¿ rº 6d8c»c A±¬Â:º'¹\d¦_GÃIdesu_s
|u0 − u0ε| ≤ Rε
ºr¹
_bdyud
R
rd8¯d8vbq
5vb°¬oUIv
K
bdÌvbd3Bz¬v 2 A3±ãmpe¹%d_GÃ5dhsu_bdyud8q{wb°´s3± 2
;   */)  % -= ,/.
n
=   9	=)?>;
 n ≥ 1
%5vq{zrd8yªv¹s{_bdBbyuI§b°dc$¹
z¬s{_
n
zcebwb°}qKzIvq 2 ~/v*3ïº%¨©Iy n ≥ 1 º%vPz´sqeÃ6z}qu5q{z¬sto­q{I°wrsuz¬5v
un ∈ Cb,l(RN )
± ¤ d
Id8vbdy°z/8 d%_dyud%su_bd+cedsu_br»¨¿ GÂNºI§poªz¬v6s{yurrwz¬vbsu_bd
¯d8yKsuwbyu§¯d3ed8|6wsuz¬5v
max
{
sup
αi,|e|≤ε
Lαi(x+ e),Duεn(x));uεn(x) −Mun−1(x)
}
= 0, 2 ~/v~43
su_s/_¯Iq1wbvbz}|6wbd`Ã6z}qu5q{z¬stoqK5°¬wbs{zIv
uεn ∈ Cb,l(RN )
±'^`_bd
vd«ps/y{d3qKw°´s3ºbyuÃId8z¬v»su_bd+bMdv¯rz´«º
5z¬Ã5d8q\wbbMdyh§¯5wbvbq`I¨ 6Ez¬qu_bz¬s85vqKsuv6sq`¨
un
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uεn
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n ≥ 1  $()   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Lun = Lu0 , 2 5.3
Luεn = max
(
Lu0 ; sup
αi
[cαi ]1|uεn|0 + [fαi ]1
1 − [σαi ]21 − [bαi ]1
)
. 2 2 I<3
gjqKzvbes{_d(q{Ic»dcedsu_brbq
Iq\¨©5y+qKd3|6wbdvd 2 r3ïºb¹\dIvBq{_b¹su_s
0 ≤ · · · ≤ uεn ≤ · · · ≤ uε2 ≤ uε1. 2  @3%5c§bzvbzvbe¹
z´su_ 2 I 3ïºb5ds
0 ≤ · · · ≤ Luεn ≤ · · · ≤ Luε2 ≤ Luε1 . 2
.G<3
^`_bd¨©5°¬°¹
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Aun,uεn
-<  ) )    	 $()
|un − uεn|0 ≤ Aun,uεnε.+d°}s{zIv¯q 2 .G 3ïº 2 b3º 2 b3\v 2 I<3%zceb°¬oUs{_bd¨©5°¬°¹
zvbªyud8q{wb°¬s8±
 %Æ  )¡ 2
 

0 ≤ · · · ≤ Aun,uεn ≤ · · · ≤ Au2,uε2 ≤ Au1,uε1 . 2   ÊÊ<:^`_bz}qj¨©I°°¬¹+qj¨©yuIcsu_bded«rbyud8quqKzIv¨%6d(5¦zdv6suq
Aui,uεi
º
i = 1, . . . , n
ºIzÃId8v®zv 2 b3ïºIcª§bz¬vd8¹
z´su_B°dcec 9± 9vByud°}s{zIv 2 <G<3ï± 2
¤ d(Iv5z¬Ã5dv¹s{_ddyuy{5y%d3qtsuz¬csudI±
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un ∈ Cb,l(RN )
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uhn ∈
Cb(R
N )
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n ≥ 1  $()   (
un(x) − uhn(x) ≤ C̄n|h|γ̄ , 2 Ēn 3
C̄n = C̄n−1 +Aun,uεn + Luεn + Lu0 . 2
.I<3
   ÊÊ<:¸Iy°°
n ∈ N v ε > 0 º¹%derdvs{de§po unε s{_bdeceI°°z´Ì¯8suz¬5v®¨ uεn ±
¤ debyuÃIds{_bd
y{5¯6qKz¬s{zIv?§po"z¬v¯rwïsuz¬5v<ÃId8y
n
±^I¾Id
n = 1
± ¤ deq{_b¹ s{_s
u1ε − C̄0|h|γ̄ − Lu0ε
zqUq{wb§rµ
q{I°wrsuz¬5vI¨ 2 I<3±A+b°¬opzvbes{_bd(°5q{q{z}°ceds{_brbq 2 qKd8de¿ Â:º¿ÁGÂNº¿Á3Â 3ïº¯q{zvd Lu1 = Lu0 º¹%d_GÃ5dsu_s
u1ε − Lu0ε
zqB°}Iquq{z8°1qKw§rµNq{I°wrsuz¬5v®¨ 2 ~+3ï±eghq{z¬vsu_bd5vqKz}qKs{dv¯o?_pop¯Is{_bd3qKz}q 2 mr 3ïºy{5¯6qKz¬s{zIv 9± bºps{_dd8|6w°z¬sto
Q(u1ε − Lu0ε) = Q(u1ε)
º¯vUs{_bdce5vbsuIvbz}z¬sto¦¨
S
ºr5§rsuIz¬v
{
S(h, x, u1ε(x) − Lu0ε−Q(u1ε), u1ε − Lu0ε−Q(u1ε) ≤ 0
u1ε(x) − Lu0ε− C̄0|h|γ̄ ≤ Muh0(x).¤ djbd8rwd+su_s
u1ε(x)−Lu0ε−max{C̄0|h|γ̄ , Q(u1ε)}
zq\q{wb§rµ¶qK5°¬wrsuz¬5ve¨ 2 m3ï±1·\oe°¬d8cece9±ÁrºIv§6o 2  @.3`v 2 .9 3ºr¹%d5§rsuIz¬v
Q(uε1) ≤ |J |Kc|uε1|0|h|γ̄ ≤ |J |Kc|uε0|0|h|γ̄ ≤ C̄0|h|γ̄ .^`_dv
max{C̄0|h|γ̄ , Q(u1ε)} = C̄0|h|γ̄
ºr¹
_z_z¬ceb°z¬d3q
u1ε(x)− C̄0|h|γ̄ −Lu0ε ≤ uh1(x)
ºr¨©Iy
°°
x
±/³+d8vd5ºb¹
z´su_ 2 I<3`Ivby{5¯6qKz¬s{zIvB9±Árº
u1(x) − uh1(x) = u1(x) − uε1(x) + uε1(x) − u1ε(x) + u1ε(x) − uh1(x)
≤ Au1,uε1ε+ Luε1ε+ Lu0ε+ C̄0|h|
γ̄ .mrdsKsuz¬v
ε = |h|γ̄ ºr¹%d5§rsuIz¬vs{_¯s 2 <I<3%_b5°bq\¨©5y n = 1 ±fh¹ ¹\dqKwb¯6qKd»s{_d¦byuIM5q{z´suz¬5v<s{yuwbde¨©5y
n − 1 ±¦^`_bd¦q{Iced»ceds{_brbq(5q§¯d¨©IyudIºEs{_bd¦5qtµq{wbcersuz¬5vBI¨zvrws{zIv?v¯U°dcec9± 9eIzÃIdwq`s{_dy{d3qKwb°¬s8±
2
mr»¹\d_GÃId5§rsuIz¬vbd3¦su_s3ºr¨©Iy+I°¬°
n ≥ 1 º un − uhn ≤ C̄n|h|γ̄ ± ¤ d(q{ds
D̄n−1 := C̄n − C̄n−1 = Aun,uεn + Luεn + Lu0 .6Edcec9± ªIvBy{d8°s{zIv 2 .G 3ãzceb°o¦s{_¯s D̄n ≤ D̄0 ºIv_bdvdIºb§po 2 .I 3:
C̄n ≤ C̄0 + nD̄0. 2 95<3
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J¶v"su_bz}q+qKd3ïsuz¬5v?¹%d¹
z°¬°wq{ds{_bd(ceds{_brbqh¨
¿ Â:º¿ Â:ºs{I§bsuzv<e°¹%d8y
§¯5wbv"¨
un − uhn
º¨©Iy
I°¬°
n
± ¤ dqKsuIyKs`¹
z¬s{_s{_bd5qKd
n = 0
ºbIvsu_bdvB¹%d¹
z°¬°qKs{wbos{_bd5dvbd8yuI°M8Iq{d
n ≥ 1 ±1¸'zv°°¬o5º¹\d¹
z¬°°wq{ds{_bd3qKdd3qtsuz¬cs{d8q\sueI§rszvsu_bd°¹%d8y\§MIwvUI¨
u− uh
±
  */)  % -= ,/.&)?9&, =  9 != )?> 
%5vq{zrd8ybyuI§b°dc 2 ~ã 3¨+q{I°wrs{zIv u0 ∈ Cb,l(RN ) º1v¯®su_bdUqu_bdced 2 mr<3I¨`q{I°wrsuz¬5v uh0 ∈
Cb(R
N )
± ¤ d
y{d3°°ps{_¯s
Lαi
v
S
q{s{z}qt¨©o5q{q{wbcersuz¬5vq 2 AµAj.3'Iv 2 mWµ¶mb<3ï± A²°¬¹\dy§MIwbv¯I¨
u0 − uh0
_¯Iq+§Mdd8v<I§bsuzvbd3?z¬vP¿ GÂN±j³hdyud¹\d(vbd8d8"suUyud¹
yuz´sudqK5cedIyKsq+¨su_bzqI¯d8y8ºMzv
5yubdys{IzÃId
d«rb°z}z¬sã§¯5wbvbqã¨5vqKsuv6sq1¹
_bz}_¦bMd8Iy/z¬vesu_bdhrz¬ÍWdyudv6sãbyup¨Óq8±1%5vqKz}rd8y1s{_bd
¨©5°¬°¹
zvb»q{¹
z¬su_bzvbqKorqKs{d8cBº¹
_bz_"by{6I_bd3q 2 ~ã<3º
max{Lαi(x,Dv0i (x)); v0i (x) − min
j 6=i
{v0j (x) + `}} = 0, 2 mbmr 3
¨©5y
x ∈ RN º i ∈ I = {1, . . . ,M} ºMv ` ≥ 0 ± 6Eds v0 = (v01 , . . . , v0M ) §¯ds{_bdªwbvbz}|6wbdÃpz}q{5q{z´stoq{I°wrsuz¬5v¥¨ 2 mbmb<3ïº v0 ∈ Cb,l(RN )M ±<·\oÀy{d8ceIy{¾­r± 9º¹\d¦_GÃIdesu_s (0, . . . , 0) zqª?Ãpzqu6qKz¬stoq{wb§rµ¶q{I°wrs{zIv¨ 2 mbmr 3ïºb_dvd 0 ≤ v0i (x) ºb¨©5y+°° i ∈ I v x ∈ RN ±¸Iy+d8ÃIdyuo
i
º
v0i
IvpÃId8y{5d8q%s{
u0
º¯¹
_bdv
` → 0 ± ¤ d(yud¹
yuz¬s{d_bd8y{dsu_bd(yud8q{wb°´sj¨`¿ bº¯^`_bd8Iyudcb± Â:ºr¹
_z_BIzÃIds{_zq
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0 ≤ v0i − u0 ≤ C`1/3, 2 ³h<3
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z¬v»Mdy{s{wy{§Md8"q{¹
z´s_bz¬veq{orqtsudc 2 mbmr 3
max
{
inf
|e|≤ε
Lαi(x+ e,Dwε0i (x));wε0i (x) − min
j 6=i
{wε0j (x) + `}
}
= 0. 2 mbmrI~43
¤ derdvbIs{de§po
w0ε = (w0ε1 , . . . , w
0ε
M )
s{_bd»wbvbz}|6wbdeÃpzqu6qKz¬sto?qK5°¬wrsuz¬5v®I¨ 2 mbmb~43jzv Cb,l(RN )M ±¤ d_GÃ5d
0 ≤ w0εi (x)
ºb¨©5y+°°
i
v¯U¨©5y+°°
x
±
^`_bd¨©5°¬°¹
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maxi |v0i − w0εi |0 ≤ εAv0,w0ε ,
 (
Av0,w0ε
 	 . 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%5vq{zrd8y
γ
rdÌ¯vbd8z¬v 2 HG<3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g ∈ Cb,l(RN )
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gε
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ε = |h|3γ   (    
 J<  ) )  $ 
Q(gε) ≤ |J |Kc|g|0|h|γ . 2 93
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<:/·%o 2 8 3ïºr¹\d¾6v¹s{_¯s
Q(gε) = Kc|g|0
∑
i∈J
ε1−i|h|ki = Kc|g|0
∑
i∈J
|h|3(1−i)γ+ki .
mrz¬vd
3(1 − i)γ + ki ≥ γ
ºr¨©Iy+I°¬°
i ∈ J ºr¹\dI§rszvsu_bdyud8q{wb°´s3± 2¤ dy{d3I°¬°_bd8y{dsu_bdy{d3qKw°´s
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u0 ∈ Cb,l(RN )
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uh0(x) − u0(x) ≤ C0|h|γ , ∀ x ∈ RN , 2 ½ã 3
C0 = |J |Kc|w0ε|0 + R, 2 9p.3
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m := sup
y∈RN
{uh0(y) − g0(y)},
¹
_dyud
g0 = mini∈I w
0
εi
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m ≤ |J |Kc|wε0i |0|h|γ , 2 95<3
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J
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Ìvd8Bz¬v 2 mr<3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i ∈ I º
sup
x
(uh0(x) − u0(x)) ≤ m+ sup
x
(w0εi(x) − w0εi (x)) + sup
x
(w0εi (x) − v0i (x))
+ sup
x
(v0i (x) − u0(x))
≤ |J |Kc|wε0i |0
∑
i∈J
ε1−i|h|ki + Cε+Av0,w0εε+ Cl1/3,
¹
_dyud
C
rd8¯d8vbq
5vb°o¦Iv
K
rdÌvbd8Bzv 2 A(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%_bp5q{d ε = |h|3γ v¯ l = 4εLw0ε ºb¹
_bd8y{d Lw0εz}q
v"wb¯d8y
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I¨
w0ε
±/·\o¦°dcec¦r± bºp¹\d_GÃId
sup
x
(uh0(x) − u0(x)) ≤ R0(2|h|3γ + |h|γ) + |J |Kc|w0ε0 |0|h|γ ,
¹
_dyud
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5vb°¬oUIv
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n
=   9	=)?>;
 n ≥ 1
¤ d/5dvbd8yuI°¬z=8d'_bdyuds{_d/ceds{_pq¨W¿ ÂN±%Iv¯qKz}rdyy{5§b°¬d8c 2 ~/v*3Ivz´sqq{I°wrs{zIv un ∈ Cb,l(RN ) ºbdÌvbd3zvUqKd3ïsuz¬5v¦b±I± ¤ dj¾6v¹¼su_s
Lu0
z}qãIv¦wbbMdy%§¯5wbvI¨s{_bd 6zq{_z´s+8j5vqKsuv6s/I¨
un
º
¨©5y+°°
n
±
^`_bd8vP5vq{zrd8ys{_dUq{_dced 2 mrv*3I¨
q{I°wrsuz¬5v uhn ∈ Cb(RN ) º/rdÌvd8­zvPqKd3ïsuz¬5v)b±Ár± ¤ dyud88°°su_s
Lαi
v
S
q{s{z}qt¨©oIquqKwc»bs{zIvq 2 A(µA.3º 2 mWµ¶mb<3ï±'%5vq{zrd8ysu_bdã¨©5°¬°¹
zvb+qK¹
z¬su_z¬vbq{orqtsudc ¹
_z_?by{6I_ 2 ~/v*3
:
max{Lαi(x,Dvni (x)); vni (x) − min
j 6=i
{vnj (x) + `}; vni (x) −Mun−1(x)} = 0, 2 mbmrv*3
¨©5y
x ∈ RN Iv i ∈ I = {1, . . . ,M} ±¼g+v¯rdyIquq{wbcers{zIvq 2 A(µAj<3ïº 2 mbmpv 3»_IqeÀwbvbz}|6wbdÃpz}q{5q{z´stoÀqK5°¬wbs{zIv
vn = (vn1 , . . . , v
n
M ) ∈ Cb,l(RN )M
±·\oÀy{d8cyu¾Àr± 9ºz¬sªz}qd3Iq{o®su®q{dd¦su_s
(0, . . . , 0)
z}qU)Ã6z}qu5q{z¬sto¼q{wb§rµ¶qK5°¬wrsuz¬5v²¨ 2 mbmrv*3ïºvZsu_s vn z}qU¥Ãpz}q{5q{z´stoZqKw§rµNq{I°wrsuz¬5vZI¨
2 mbm 2 vrµu3 3ºr¨©Iy+I°¬° n ± ¤ d(Iv§bwz¬°}ºbsu_bdvBsu_bd¨©I°°¬¹
zvbeqKd3|6wbdvd
0 ≤ · · · ≤ vni (x) ≤ · · · ≤ v1i (x) ≤ v0i (x),
¨©5y+°°
i
ºbv¨©Iy+I°¬°
x
±
 
' 
1   Ê ¯Æ   Æ  ¢ ÆÊ    Æ  É ©3¢    ­ Ç  Æ 
gjqKzvbs{_bdqucedhcedsu_brbq`Iq%z¬v¿ bºr^`_bd5y{d8cb± Â:º6¹\djzv6s{yupbwdvIwr«rz¬°z}yuo»q{¹
z´s_bzvbªq{orqtsudc
max{ sup
|e|≤ε
Lαi(x+ e,Dvnεi (x)); vnεi (x) − min
j 6=i
{vnεj (x) + `}; vnεi (x) −Mun−1(x)}, 2 9<9 3
Iv?rd8vbsud(§po
vnε = (vnε1 , . . . , v
nε
M )
z´sq+Ãpz}q{5q{z´stoBqK5°¬wrsuz¬5v?z¬v
Cb,l(R
N )M
±"Ahq+§Md¨©5y{d5º¹\d(_GÃ5d
su_s
n 7→ vnεi (x)
z}q
vbIvbµ:zvyud85qKzvb¯ºI¨©5y+°°
i
v¯¦¨©5y+°°
x
±
¤ d(Iv5z¬Ã5dv¹s{_d¨©I°°¬¹
zvb»y{d3qKwb°¬sh§MIwbs\su_bd(5vpÃIdyuId8vd5±
   ÊãÊ Ó Ê 
   

un
) 
vn
-   	(% #&) 	   10 ) )#    )( 	! 
+(% 5	$()  

%%
i
    
0 ≤ vni − un ≤ Hvn,vnε`1/3, 2 ³+v*3  
+
Hvn,vnε
 	 . )$)    	
   ÊÊ<: ¤ dqKsuIyKs§6o?5z¬Ãpzvb¦su_bd»by{pI¨1¨©Iy
n = 1
±ª%5vqKz}rd8y
w = (u1, . . . , u1) 2 ÃId3ïsuIyh¹
z¬s{_
M
5c»MIvdv6suq`d3|5w¯°Ws{
u1
3±/^`_bdvºb¨©Iy
dÃ5dyuo
i
ºr¹%d_GÃ5d.:



Lαi(x,Du1(x)) ≤ 0
u1(x) ≤ u1(x) + `
u1(x) ≤ Mu0(x)
⇒ u1
z}q
eqKwb§bµNq{I°wrs{zIvB¨ 2 mmW3 ⇒ u1(x) ≤ v1i (x),
¨©5yjI°¬°
x ∈ RN º i ∈ I ± ¤ dªq{_b¹Qs{_s8º¯¨©IyjI°¬° i º v1iε − Cε−2 − Lu0ε z}q¦qKw§rµNq{I°wrsuz¬5vBI¨ 2 ~+3ïº¹
_dyud
C = Cρ` sup
αi
(|σαi |0 + |bαi |0 + |cαi |0). 2 96.3
æ©Ù'ìæèÚ
 
		
		 "!$#&%'	( )*+%,!$.-(%/( I
¤ z¬s{_®°5q{q{z}°Ec»ds{_brbq 2 q{dd¦¿ ÂNºE¿ÁGÂNºE¿ÁGÂ 3ïºM¹\d(_GÃIdsu_s v1iε zq8ºb¨©5yh°° i º¯UqKwb§bµNq{I°wrs{zIvEºzvsu_bd(°}Iquq{z8°qKd8vq{dIºr¨
Lαi(x,Dv(x)) = 0, ∀ x ∈ RN . 2 95<3
^`_d(rdÌvz´suz¬5v?¨/qK¹
z¬su_z¬vb¦q{orqtsudcz¬ceb°z¬d3q
su_s |v1εi − v1εj | ≤ `
ºb¨©5yh°°
i, j
±+%Icª§bz¬vz¬vbe¹
z¬s{_
2 8 3ïºr¹\d5§rsuIz¬v
|Lαi(x,Dv1εj(x)) − Lαi(x,Dv1εi(x))| ≤
C
ε2
, ∀ i, j ∈ I, ds ∀ x ∈ RN .
mrz¬vd
v1εi
z}q
eqKw§rµNq{I°wrsuz¬5vI¨ 2 95<3ºps{_bz}q
zceb°¬zd8q
Lαi(x,Dv1εj(x)) ≤
C
ε2
, ∀i, j, v ∀ x ∈ RN . 2 96I 3
%5vq{d8|6wbdv6su°¬o
v1εi − Cε−2
zqU°5q{q{z}°'qKw§rµNq{I°wrsuz¬5v<¨
supαi L
αi(x,Dw(x)) = 0 ±i?5y{d8ÃId8y8º§pos{_bdªrdÌvz´suz¬5v<¨s{_dªwb«pz°zIy{oBqKorqKs{dc"º¯¹%d(_¯GÃIds{_¯s
v1εi (x) −Mu0(x) ≤ 0
ºb¨©5yjI°¬°
i ∈ I ºIv¨©IyI°¬°
x ∈ RN ±B6Eds uε0 §¯desu_bd¦ceI°°¬z¬Ì¯8s{zIv­I¨ u0 ºrdÌ¯vbd8¥5qz¬v 2 G<3ï±"^`_bd8vº¹\d_GÃ5d
v1εi(x) −Mu0ε(x) ≤ 0
ºr¹
_z_Bz¬ceb°zd8q
v1εi(x) −Mu0(x) ≤ Lu0ε
ºbv¯I°q{
v1εi(x) − Lu0ε− Cε−2 −Mu0(x) ≤ 0, ∀ x ∈ RN .
³hdvdIºr¨©5y+°°
x ∈ RN ºr¹\d_GÃId
{
supαi L
αi(x,D(v1εi − C)(x)) ≤ Lu0ε,
v1εi(x) −Mu0(x) ≤ Lu0ε+ C.
mr
v1εi−Lu0ε−C
z}q%Ãpz}q{5q{z´stoeq{wb§rµ¶qK5°¬wrsuz¬5v¨ 2 ~h3ïºrIv¹\d+_GÃId v1εi(x)−Lu0ε−C ≤ u1(x) º¨©5y+°°
x ∈ RN ±/¸'zv°°¬oU¹%d5§rsuIz¬v
v1i (x) − u1(x) ≤
Cρ`
ε2
sup
αi
(|σαi |0 + |bαi |0 + |cαi |0) + (Lu0 + Lv1ε +Av1,v1ε)ε,
¨©5y+°°
x
z¬v
R
N ±/i?zvbz¬cez=8zvb¹
z¬s{_"y{d3qKMd8s`s{ ε ºbI§rszv
v1i (x) − u1(x) ≤ Hv1,v1ε`1/3.
^`_d(y{d3qKw°´s+¨©5y
n > 1
8v?§MdbyuÃId3q{z¬cez°Iy{°oIº¯wq{z¬vb
Lun−1 = Lu0
Iqjv?wb¯d8yh§MIwbv"I¨1s{_bd
6Ez¬¯q{_bz¬s8IvqKsuIv5s
I¨
un−1
±
2
 
' 
'    G  Ê     8 )¡r Æ 
%5vq{zrd8y\s{_bd¨©5°¬°¹
z¬v»Mdy{s{wy{§Md8"q{¹
z´s_bz¬veq{orqtsudc ¹
_z_"by{6I_bd3q 2 ~/v*3º
max{ inf
|e|≤ε
Lαi(x+ e,Dwnεi (x));wnεi (x) − min
j 6=i
{wnεj (x) + `};
ìì çKöLïõL
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wnεi (x) −Mun−1(x)} = 0, 2 mbmpvb~ 3IvBz´sq
wbvbz}|6wbdÃpzqu6qKz¬stoUq{I°wrs{zIv
wnε ∈ Cb,l(RN )M
± Ahq
§Md¨©5y{d5ºb¹\d(vBbyuÃIds{_¯s
0 ≤ · · · ≤
wnεi (x) ≤ · · · ≤ w1εi (x) ≤ w0εi (x)
ºb¨©Iy+I°¬°
i
v
x
± 6Eds
gn := vn, vnε, wnε
±/^`_dvºb¹\dqKds
Lgn := max
(
sup
αi,i
[cαi ]1|gni |0 + [fαi ]1
1 − [σαi ]21 − [bαi ]1
;Lu0
)
. 2 9,@3
¤ d_GÃ5dhsu_bd¨©I°°¬¹
zvb»y{d3qKw°´sqºb¹
_z_"yudqK_b¹\d8Uz¬vBsu_bd(bMdv¯rz´«±
 %Æ  )¡  
 
 ?(
gn := vn, vnε, wnε
$()
maxi[g
n
i ]1 ≤ Lgn . 2
 %Æ  )¡  
   ?(
vn

vnε
) 
wnε
-   H 	(	!5 	(% #&) 	     *)   +& & )#    ) 02
+	! +(+(% 5	$()    (
max
i
|vni − vnεi |0 ≤ Avn,vnεε, max
i
|vni − wnεi |0 ≤ Avn,wnεε,
  
+
Avn,vnε
) 
Avn,wnε
!. )$  )   	 2
^`_dj¨©5°¬°¹
zvbey{d3qKwb°¬s
z¬v"byuÃId3¦zvBs{_bd8Iyudcq A(±vB·± ±
 %Æ  )¡  
 ?(
gi := vi, viε, wiε
4)#7%/(
Lgi
-!. )  	 ) +&  	 $ 
)
Lgn ≤ · · · ≤ Lg2 ≤ Lg1 ,
Avn,wnε ≤ · · · ≤ Av1,w1ε ≤ Av0,w0ε ,
Avn,vnε ≤ · · · ≤ Av1,v1ε ≤ Av0,v0ε . 2.
¤ d(Iv5z¬Ã5dv¹s{_d°¬¹\dy`§MIwbv±
   ÊãÊ Ó Ê 
  

un ∈ Cb,l(RN )
  H 	(	!57	(% #&)   10 )(;)#7%/(
uhn ∈ Cb,l(RN )  	(% #&)   *)  
n ≥ 1  $ 
)    
uhn(x) − un(x) ≤ Cn|h|γ , ∀ x ∈ RN , 2 ½/v 3
Cn = Cn−1 + 12Lwnε + 4Lu0 +Avn,wnε +Hvn,vnε(6Lwnε)
1/3. 2 9<G<3
   ÊÊ<:/^`_bdby{pI¨z}q
§po¦z¬v¯rwïsuz¬5v"ÃIdy
n
± 6ds
n = 1
ºbIvU°ds
m := sup
y∈RN
{uh1(y) − g(y)}, 2 9<I 3
¹
_dyud
g = mini∈I w
1
εi
±/¸Iy
l ≥ 0 ºr°¬ds
ml := sup
y∈RN
{uh1(y) − g(y) − lφ(y)},
æ©Ù'ìæèÚ
 
		
		 "!$#&%'	( )*+%,!$.-(%/( b
¹
_dyud
φ(x) = (1 + |x|2)1/2 ± 6ds x0 §¯deqKw¯_<s{_¯s ml = uh1(x0) − g(x0) − lφ(x0) ±(^`_bdv¹%d_¯GÃIdI°q{
ml = uh1(x0) − w1εi0 (x0) − lφ(x0)
ºW¹
_bdyud
w1εi0(x0) = minj∈I w
1
εj(x0)
± A
¨èsudyqK5ced
Icebwrssuz¬5vq 2 q{dde¿Árºb^`_bd8IyudcÄ± 9IÂ3ºr¹%dIv?q{Goesu_s3ºbz´¨ ε ≤ (6Lw1ε)−1l ºbs{_bd8v
w1εi0 (y) − minj 6=i0{w
1ε
j (y) + l} < 0, ∀ y ∈ B(x0, 2ε). 2 I<3
^`_dvºbd3|6wsuz¬5v
i0
z¬vBsu_bd(qKorqKs{d8c 2 mbm~43`§Md8Iced8q
max{ inf
|e|≤ε
Lαi0 (y + e,Dw1εi0 (y));w
1ε
i0 (y) −Mu0(y)} = 0, y ∈ B(x0, 2ε). 2
b3
¤ d_GÃ5dhsu¦qtsuwrost¹\Iq{d8q8±
 Amp½ .: ^`_bd8y{dd«pz}qKsuq
x̄ ∈ B(x0, 2ε)
q{w_Usu_s
w1εi0 (x̄) = Mu0(x̄),
z:± d5±
w1εi0 (x̄) = k + infξ
{u0(x̄ + ξ) + c(ξ)}.
^`_dvºr¨©5y+°°
y ∈ B(x0, 2ε)
º
wε1i0 (y) + 4(Lw1ε + Lu0)ε ≥ k + infξ {u0(y + ξ) + c(ξ)}.
%5vq{zrd8yãvb¹ Muh0(y)−Mu0(y) ±1·\oebyuIM5q{z´suz¬5vUr± 9º6¹%dj_GÃId
su_s Mu0(y) ≥ Muh0(y)−
C0|h|γ .
^`_dvºr¹\dI§rszv
wε1i0 (y) + 4(Lw1ε + Lu0)ε+ C0|h|γ ≥ k + infξ {uh0(y + ξ) + c(ξ)}, ∀ y ∈ B(x0, 2ε).
mrz¬vd
uh1(y) ≤ k + infξ{uh0(y + ξ) + c(ξ)}
ºr¨©5y+°°
y ∈ B(x0, 2ε)
ºr_bd8vd
uh1(x0) − w1εi0 (x0) ≤ 4(Lw1ε + Lu0)ε+ C0|h|
γ + Lw1εε = (5Lw1ε + 4Lu0)ε+ C0|h|γ ,
¹
_z_Bz¬ceb°zd8q
ml ≤ (5Lw1ε + 4Lu0)ε+ C0|h|γ − lφ(x). 2 5.3 Amp½&: ¸Iy+°°
y ∈ B(x0, 2ε)
ºr¹%d_GÃ5d
w1εi0 (y) <Mu0(y).
^`_d°5q{q{z}°Wcedsu_brbq 2 qKd8d¿ 3ÂNº¿ÁGÂ 3\z¬ceb°osu_s
sup
αi
Lαi(x0,Dw1εi0(x0)) ≥ 0.
¤ d(IvBIbb°os{_d(Iv¯qKz}qtsudvo¦_pop¯Is{_bd3qKz}qºpsueI§rszv
−Cl ≤ S(h, x0, (w1εi0 + lφ)(x0)), w
1
εi0 + lφ) +Q(w
1
εi0 + lφ)
⇒ S(h, x0, (w1εi0 + lφ)(x0), w
1
εi0 + lφ) ≥ −Q(w
1
εi0) +O(l).
ìì çKöLïõL
5   	(
*
)  #,	) <! #"$%"
i<IvbIs{Ivzz´stozceb°¬zd8q
s{_s
S(h, x0, (w
1
εi0
+ lφ)(x0), w
1
εi0
+ lφ) ≤ S(h, x0, uh1(x0) −ml, uh1 −ml)
≤ −ml + S(h, x0, uh1(x0), uh1)
≤ −ml.
^`_d°}IqKs+zvbd8|6wI°¬z¬sto¨©I°°¹+qã¨©yuIc s{_bd(rdÌvbz¬s{zIv"¨ 2 m3ï±/^`_dvºb¹\d_GÃId
ml ≤ Q(w1εi0) +O(l). 2
I<3

f 6Egm,J{f :
·\o 2 I<3%Iv 2 I<3ïºr¹\dI§rszvUsu_s
ml ≤ max
{
5Lw1ε + 4Lu0)ε+ C0|h|γ − lφ(x);Q(w1εi0 ) +O(l)
}
.
^`_dvºbz¬¨
l
5pd8q%s{
0
ºr¹\dIvBIv°¬wbds{_s
m ≤ max
{
(5Lw1ε + 4Lu0)ε+ C0|h|γ ;Kc|w1ε|0
∑
i∈J
ε1−i|h|ki
}
.
³hdvd
uh1 − u1 = uh1 − w1εi + w1εi − u1
≤ m+ w1εi − w1εi + w1εi − v1i + v1i − u1
≤ max
{
(5Lw1ε + 4Lu0)ε+ C0|h|γ ;Kc|w1ε|0
∑
i∈J
ε1−i|h|ki
}
+`+ Lw1εε+Av1,w1εε+Hv1,v1ε`
1/3.
JN¨¹\dq{ds
ε = |h|γ º¯v ` = (6Lw1ε) ºIq`zvBs{_bd8Iq{d¹
z¬s{_Iwrs+zcebwb°}qKzIvq8ºr¹\dI§rszv
uh1 − u1 ≤ max{(12Lw1ε + 4Lu0)|h|3γ + (C0 +Hv1,v1ε(6Lw1ε)1/3)|h|γ ;
(7Lw1ε)|h|3γ + (|J |Kc|w1ε|0 +Hv1,v1ε(6Lw1ε)1/3)|h|γ}.mrz¬vd |J |Kc|w1ε|0 ≤ |J |Kc|w0ε|0 ≤ C0 ºIs{_bd &Kc« (\z}q1yud8I°¬z=8d3§posu_bd
ÌyqtssudyucB±^`_bd8v¹%d`_GÃ5dsu_bdyud8q{wb°´s3±
mpwb¯6qKdvb¹s{_s 2 ½ãv 3Iv 2 9 G<3e_b5°Z¨©5y n − 1 ±^`_bd®quced<cedsu_brbqU5q¦§Md¨©5y{d5º`s{_bdzvrw¯ïs{zIv?Iv¦su_bd¨ÓIs
s{_s
Lun−1 = Lu0
IzÃIds{_bdyud8q{wb°¬s8±
2¤ d(qKds
Dn−1 := Cn − Cn−1 = 12Lwnε + 4Lu0 +Awn +Hn(6Lwnε)1/3. 2 jv 3
6Edcecr± Gªzceb°z¬d3q`s{_s
Cn ≤ C0 + nD0. 2 9 3
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·\d¨©Iyud?IzÃ6zvb¥su_bd<byup¨¨su_bd5y{d8cb± Gº+Iv¯qKz}rdy¦s{_bd®¨©I°°¬¹
zvb¥yud8q{wb°´s3± 6ds
φ : R → R º
φ(x) = ax + bx
º/¹
_dyud
0 < a < 1
º
b ∈ R+ ± 6Eds m := minn∈N φ(n) ±)^`_bdv¼¹%d_GÃIdUs{_bd¨©5°¬°¹
zvbªd8°¬d8cedv6suIy{o¦°dcecªs{_s+¹%dqKsus{d¹
z¬s{_b5wrs
by{pI¨t±
 %Æ  )¡ 
 
1  
φ
) 	"	  )  #& 

R

r := loga
(
− bln a
)
,
 ( −b/ lna > 0 
	) 
a < 1

  "  − bln a ≥ 1
 ()
r ≤ 0 4)#  
)$ m = φ(0) = 1 ≤ − blna

  "  − bln a < 1
 ()
m ≤ φ(dre) = adre + bdre ≤ ar + b(r + 1) = − bln a + b
(
loga
(
b
ln a
)
+ 1
)

2
   ÊÊÊ   ÆpÊ   Æ   
 4 ¡  Æ   ¤ dBqKsuIyKse§po­by{Ãpzvb<su_bdBwbbMdy§MIwbv±¼%Ivq{zbdy»s{_bd
¨©5°¬°¹
zvb»bd85ce¯6qKz¬s{zIv :
sup
x
(u(x) − uh(x)) ≤ sup
x
(u(x) − un(x)) + sup
x
(un(x) − uhn(x)) 2 5.3
+ sup
x
(uhn(x) − uh(x)),
¨©5y\I°¬°
n < +∞ ±'gjqKzvb u−un ≤ 0 º un−uhn ≤ C̄n|h|γ̄ º uhn−uh∞ ≤ (1−µ)nµ |uh0|0
ºrv 2 95 3ïº5§rsuIz¬v
sup
x
(u(x) − uh(x)) ≤ (C̄0 + nD̄0)|h|γ̄ +
(1 − µ)n
µ
|uh0|0. 2 5§*3
6Eds
φ(n) = (C̄0 + nD̄0)|h|γ̄ + (1−µ)
n
µ |uh0|0
º¯vB°ds
m := minn∈N φ(n)
± A+b°¬opzvb°¬d8cece±¬
IvUs{_bd¨Ó5ïs
s{_¯s
r ≤ dre ≤ r + 1 ºr¹%d5§rsuIz¬vs{_s
 u− uh ≤
(
C̄0 +
D̄0
(− ln(1−µ))
)
|h|γ̄ ºbz¬¨ − D̄0µ|h|γ̄|uh0|0 ln(1−µ) ≥ 1
C
 u− uh ≤
[
− D̄0ln(1−µ) + C̄0 + D̄0
(
log(1−µ)
(
− µD̄0|h|
γ̄
|uh0|0 ln(1−µ)
)
+ 1
)]
|h|γ̄ ºbIs{_bd8y{¹
z}qKd5±
³hdvd¹\dª_¯GÃIdsu_bdªyud8q{wb°¬s8± ¤ dªbyuÃIdvb¹ s{_bd»°¬¹\dyj§¯5wbv±ª%5vq{zrd8y+su_bd¨©5°¬°¹
zvbrd35cªµ
M5q{z¬s{zIv :
sup
x
(uh(x) − u(x)) ≤ sup
x
(uh(x) − uhn(x)) + sup
x
(uhn(x) − un(x)) 2 I<3
+ sup
x
(un(x) − u(x)),
ìì çKöLïõL
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¨©5y\I°¬°
n < +∞ ±/mpzvd uh−uhn ≤ 0 º uhn−un ≤ Cn|h|γ º un−u ≤ (1−µ)
n
µ |u0|0
ºrv 2 9,3ïº6¹%d5§rsuIz¬v
uh − u ≤
(1 − µ)n
µ
|u0|0 + C0|h|γ + nD0|h|γ . 2 I§*3
Ahbb°opz¬vbe°dcecb±Iºr¹\dI§rszvUsu_s
 uh − u ≤
(
C0 +
D
0
(− ln(1−µ))
)
|h|γ ºbz¬¨ − D0µ|h|γ|u0|0 ln(1−µ) ≥ 1
C
 uh − u ≤
[
− D0ln(1−µ) + C0 +D0
(
log(1−µ)
(
− µD0|h|
γ
|u0|0 ln(1−µ)
)
+ 1
)]
|h|γ , su_bdyu¹
z}qKd5±
³hdvd¹%d_GÃ5dhsu_bdyud8q{wb°´s3±
2
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 ¤ dbyuÃIdjs{_zq
°dcec»§poUzvrws{zIv±6Eds
n = 1
ºbIv"qKds
mε1 := sup
x,y
φ(x, y) := sup
x,y∈RN
{u1(x) − u1(y) − δ|x− y|2 − ε1(|x|2 + |y|2)}.
6Eds
mε1 = φ(x0, y0)
±/·\o Jtq{_bzz  q`°dcec 2 q{dde¿ IÂ3ºrs{_dyudd«rzqKs X, Y ∈ SN q{w_Usu_s
0 ≤ max{sup
αi
Lαi(y0, u1(y0), py, Y );u1(y0) −Mu0(y0)}
−max{sup
αi
Lαi(x0, u1(x0), px, X);u1(x0) −Mu0(x0)}, 2  @3
¹
_dyud
px = 2δ(x0 − y0) + 2ε1x0, py = 2δ(x0 − y0) − 2ε1y0, 2 G<3
(
X 0
0 −Y
)
≤ δ
(
I −I
−I I
)
+ 2ε1
(
I 0
0 I
)
. 2 I<3
^`_dvº 2 <@.3ãzceb°z¬d3q
0 ≤ max{sup
αi
[Lαi(y0, u1(y0), py, Y ) − Lαi(x0, u1(x0), px, X)];
u1(y0) −Mu0(y0) − u1(x0) −Mu0(x0)}.¤ d(Ivyud8bwdwq\su¦qtsuwro¦st¹\erz´ÍWdyudv6sh8Iq{d8q8±
 Amp½  :
u1(y0) −Mu0(y0) − (u1(x0) −Mu0(x0)) ≥ 0
±
^`_zq`°}IqKs+z¬vd8|6w°z¬sto¦z¬ceb°zd8q\s{_¯s
u1(x0) − u1(y0) ≤ Lu0 |x0 − y0|
±/^`_bd8v"¹%drd3rwdsu_s
mε1 ≤ Lu0 |x0 − y0| − δ|x0 − y0|2. 2 I<3
æ©Ù'ìæèÚ
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mrdsKsuz¬v
r := |x0 − y0|
ºIvBvbsuz¬vªsu_s
maxr(Lu0r − δr2) = L2u0/4δ
ºr¹%d5§rsuIz¬v
mε1 ≤
L2u0
4δ
.
Ahbb°opz¬vb"¿@rº6dcecr± ÂNºp¨©Iy`Ìb«rd3
δ
º¹%d_GÃ5dhsu_s
lim
ε1→0
mε1 = sup
x,y∈RN
{u1(x) − u1(y) − δ|x− y|2} := m,
Iv_bdvd
m ≤ L
2
u0
4δ
.
^`_dvB¹%d_GÃ5dIºp§poUrdÌvbz¬s{zIv"¨
m
º
u1(x) − u1(y) ≤
L2u0
4δ
+ δ|x− y|2, ∀ x, y ∈ RN .
gjqKd
minδ
(
L2u0
4δ + δ|x− y|2
)
= Lu0 |x− y|,
s{I§bsuzv
u1(x) − u1(y) ≤ Lu0 |x− y|, ∀ x, y ∈ RN . Amp½ :
supαi L
αi(y0, u1(y0), py, Y ) − supαi Lαi(x0, u1(x0), px, X) ≥ 0
±
^`_zq`z}q`s{_d(qtsvbIyu5qKd 2 q{dde¿@6º*6dcecA(±Â 3ïºIvB¹%d_GÃ5dhsu_s
u1(x) − u1(y) ≤ sup
αi
[cαi ]1|u1|0 + [fαi ]1
1 − [σαi ]21 − [bαi ]1
|x− y|, ∀ x, y,∈ RN .
J¶v?Iv°¬wq{zIvºp¹\d5§rsuIz¬v
Lu1 = max
{
Lu0 ; sup
αi
[cαi ]1|u1|0 + [fαi ]1
1 − [σαi ]21 − [bαi ]1
}
.
mrz¬vd§6o 2 b3 |u1|0 ≤ |u0|0 ºbw¯qKzvb»s{_bd(bdÌvbz¬s{zIv"I¨ Lu0 ºr¹%d_GÃ5d Lu1 = Lu0 ±¤ d(5c»wrs{dvb¹
Luε
1
± ¤ z¬s{_Bs{_d(q{Ic»dcedsu_brbq+5q`§¯d¨©IyudIºr¹\dI§rszv
Luε
1
= max
(
Lu0 ; sup
αi
[cαi ]1|uε1|0 + [fαi ]1
1 − [σαi ]21 − [bαi ]1
)
.
J¶vBsu_bzqhIq{d¹%d_GÃ5dvbs
d8qKs{zcsud§¯dst¹%d8dv |u0|0 v¯ |uε1|0 ºb_bd8vd¹\dcwqKs+IzÃIds{_dy{d3qKwb°¬s+zvsu_bz}q`¨©Iyuc"±
mpwb¯6qKdv¹s{_¯s+°dcecªz}q`suy{wbd¨©5y
n− 1 ºbz:± d5±
Lun−1 = Lu0 , Luεn−1 = max
(
Lu0 ; sup
αi
[cαi ]1|uεn−1|0 + [fαi ]1
1 − [σαi ]21 − [bαi ]1
)
.
Ahbb°opz¬vb»su_bd(q{Icedceds{_br"Iq`§Md¨©5y{d5ºb¹%d8v"qK_b¹ s{_s
Lun = max
(
Lun−1 ; sup
αi
[cαi ]1|un−1|0 + [fαi ]1
1 − [σαi ]21 − [bαi ]1
)
.
J¶v¯rwïsuz¬5v?vBrdÌ¯vbz´suz¬5v"¨ 2 r3\IzÃIdjs{_bdyud8q{wb°¬s8±/^`_bdquced¨©Iy Luεn
±
2
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 £ ¤ d(qKsuIyKs
§poU5cebwrs{zvb
Lv1
± ¤ d(q{ds
mε1 := sup
i,x,y
φi(x, y) := sup
x,y∈RN ,i∈I
{v1i (x) − v1i (y) − δ|x− y|2 + ε1(|x|2 + |y|2)}.
6Eds
m = φj(x0, y0)
º3z:± dI±
(j, x0, y0)
s{suIz¬vqs{_bdãq{wbbyudcªwbc"±?6ds
A := {i ∈ I, (i, x0, y0)
sKsuIz¬v¯q\s{_bd(q{wbbyudcªwbc } ±^`_dvºp§po?¿ bº&6dcec A(±ÁGÂNºps{_bd8y{dd«rz}qtsq
i0 ∈ A
ºrqKw¯_¦s{_¯s
v1i0(y0) < minj 6=i0{v1j (y0) + l}
±^`_bd
bdÌvbz¬s{zIvÀ¨\Ãpzqu6qKz¬sto?qK5°¬wrsuz¬5vºEIvFJtq{_bzz  q°dcecUzceb°¬o®s{_bded«pz}qKs{dv¯d»¨
X, Y ∈ SN qKw¯_su_s
max{Lαi0 (x0, v1i0 (x0), px, X); v
1
i0(x0) − minj 6=i {v
1
j (x0) + l};
v1i0(x0) −Mu0(x0)} ≤ 0,
max{Lαi0 (y0, v1i0(y0), py, X); v
1
i0(y0) −Mu0(y0)} ≥ 0,¹
_dyud
px, py, X Y
qus{z}qK¨©o 2 .G<3\v 2 I 3ï±1^`_bd¹\dvByud8rwdwq`s{qKs{wbo¦st¹\e8Iq{d8q8± Amp½  :
v1i0(y0) −Mu0(y0) − (v1i0 (x0) −Mu0(x0)) ≥ 0
±
^`_zqã°5qts\z¬vbd3|6w°z´sto»zc»°¬zd8qãs{_s
v1i0(x0)− v1i0(y0) ≤ Lu0 |x0 − y0|
±1¸byuIc vb¹²Ivº6¹\dj5v6s{zv6wd
5q\s{_bd(8Iq{dªI¨su_bdbyud8d3rdv6s
byup¨tºbv¯U¹\d_GÃId
v1i (x) − v1i (y) ≤ Lu0 |x− y|, ∀ x, y ∈ RN , ∀ i ∈ I. Amp½ :
Lαi0 (y0, v
1
i0 (y0), py, Y ) − Lαi0 (x0, v1i0(x0), px, X) ≥ 0
±
^`_zq`z}q`s{_d(qtsvbIyu5qKd 2 q{dde¿Árº 6EdcecA(±ÁGÂ 3ïºIvU¹\d_GÃId
v1i (x) − v1i (y) ≤ sup
αi,i
[cαi ]1|v1i |0 + [fαi ]1
1 − [σαi ]21 − [bαi ]1
|x− y|, ∀ x, y,∈ RN , ∀ i ∈ I.
^`_dvB¹%d5§rsuIz¬v
Lv1 = max
(
Lu0 ; sup
αi,i
[cαi ]1|v1i |0 + [fαi ]1
1 − [σαi ]21 − [bαi ]1
)
.
^`_d(q{Ic»dªIcebwbsusuz¬5vq
°d85w¯q`s{¦5§rsuIz¬v
Lv1ε
º¯Iv
Lw1ε
±\¸Iy
n > 1
º¯¹%d(Ibb°od«r5ïsu°¬oUs{_bd
qucedcedsu_br± ¤ d5vb°o¦vbdd3s{ey{d3I°¬°Wsu_s
Lun−1 = Lu0
±
2
 ÆpÊ   Æ   
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 $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(Lvn)n

(Lvnε)n

(Lwnε)n
+ )$)F)$
++	) 	 
   ÊÊ<: ¤ dbyuÃIdªs{_zqsu_bd5y{d8c ¨©Iy
(Lvn)n
ºsu_bdsu_bdy(8Iq{d8qyudeqKzcez¬°}y3±¦ghq{z¬vB°dcec<r± bº
Iv"qKzvd
(vni )n
zqh»bd8yud85qKzvbq{d8|6wbdv¯dIºr¹\dI§bsuzvBs{_s
(Lvn)n
zq
bd8yud85qKzvb¯ºbvs{_dv"¹%d
_¯GÃIdjs{_bdyud8q{wb°¬s8±
2
   &	(&ª	
Ai
¤ dh§Md5z¬vUs{_bz}q\qKd3ïs{zIvU§6oezv6s{yupbwzvb(su_bd+¨©5°¬°¹
zvbvbIsus{zIv± 6ds
ψ, ϕ ∈ Cb,l(RN )M
º
M ≥ 1 ±¤ d(rdÌvbd(5vqKsuv6sq
Aψ,ϕ
Iv
Hψ,ϕ
5q\¨©I°°¬¹+q
Aψ,ϕ := 2k1
√
kψ,ϕ2 + k
ψ,ϕ
3 , Hψ,ϕ :=
3
22/3
h1h
ψ,ϕ
2 , 2 b3
¹
_dyud
æ©Ù'ìæèÚ
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k1 = supαi{[σαi ]1 + [bαi ]1}
º
kψ,ϕ2 = supαi{ 14 (Lψ+Lϕ)2(2[σαi ]21+4+2[bαi]1)+ 12 (Lψ+Lϕ)(|ψ|0∧|ϕ|0[cαi ]1+[fαi ]1+
Lu0)},
kψ,ϕ3 = supαi{|ψ|0 ∧ |ϕ|0[cαi ]1 + [fαi ]1}
±
h1 :=
(
Cρ supαi(|σαi |0 + |bαi |0 + |cαi |0)
)1/3 º
Cρ
rd8¯d8vbq
5vb°o¦Iv
ρ
±
hψ,ϕ2 := (Lϕ +Aψ,ϕ + Lu0)
2/3 ±
¤ dIzÃId_bd8y{dvBd«psudvq{z¬5vI¨su_bd(5ceyuzq{Ivbyuz¬vz¬°¬d¨\¿ º 6d8ceceA±¬Â:±
   ÊãÊ Ó Ê 
	 

un
)#
vn
  H 	(	!5 	(% #&)	  F!   3(# ) 	F% < 10 )(  

n ≥ 1   F+ (
)*	 σ, b, c, f )# σ̄, b̄, c̄, f̄ 
	! 
+
% 5	$()     
sup
x
{un(x) − vn(x)} ≤ 2k1(kun,vn2 )1/2 + kun,vn3 ,
  
+
 k1 = supαi{|σ̄αi − σαi |20 + |b̄αi − bαi |20}

 kun,vn2 = supαi{
(Lun+Lvn)
2
4 (2[σ
αi ]21 + 4 + 2[b
αi ]1) +
(Lun+Lvn )
2 (|un|0 ∧ |vn|0[cαi ]1 +
[fαi ]1 + Lu0)}

 kun,vn3 = supαi{|un|0 ∧ |vn|0|c̄αi − cαi |0 + |f̄αi − fαi |0}

   ÊÊ 
 ¤ dby{Ã5d+su_bdjy{5¯6qKz¬s{zIvU¨©Iy
n = 1
± ¤ dIbb°oes{_bdq{Icedjcedsu_brbq`Iq\zv¿ rºb^`_bd8Iyudc
A±¬ÂCr¹\d(q{ds
m := sup
x,y
φ(x, y) := sup
x,y
{u1(x) − v1(y) − δ|x− y|2 − ε1(|x|2 + |y|2)}.
6Eds
m = φ(x0, y0)
± A+bb°opz¬vs{_bdªvbsuz¬5v"¨1Ãpzqu6qKz¬stoq{I°wrs{zIv?Iv;JtqK_z¬z qh°¬d8ceceºbsu_bdyud(d«rz}qts
X,Y ∈ SN q{w_Usu_s
0 ≤ max{sup
αi
L̄αi(y0, v1(y0), py, Y ); v1(y0) −Mu0(y0)}
−max{sup
αi
Lαi(x0, u1(x0), px, X);u1(x0) −Mu0(x0)}, 2 6.3
¹
_dyud 2 px º py º X º Y 3`q{s{z}qt¨©o 2 G 3Nµ 2 .I<3ï±ghq{zvb 2φ(x0, y0) ≥ φ(x0, x0) + φ(y0, y0) ºbI§rszv
|x0 − y0| ≤
Lu1 + Lv1
2
δ−1. 2 I<3
fh¹ ¹\d_GÃIdjs{¦qKs{wbo¦st¹\»rz¬ÍWdyudv6sh5qKd3q±
 Amp½  :
v1(y0) −Mu0(y0) − (u1(x0) −Mu0(x0)) ≥ 0.
ìì çKöLïõL
.G   	(
*
)  #,	) <! #"$%"
^`_zq°}IqKszvbd3|5w¯°z´sto?zceb°¬zd8qsu_s
u1(x0) − v1(y0) ≤ Lu0 |x0 − y0|
ºEv¯ºwq{z¬vb 2 5<3º¹%d»_GÃ5d
u1(x0) − v1(y0) ≤ Lu0(Lu1 + Lv1)(2δ)−1
ºb¹
_bz}_Bz¬ceb°z¬d3q
m ≤ 1
2
(Lu1 + Lv1)Lu0δ
−1. 2 9 3
 Amp½ :
supαi L
αi(y0, v1(y0), py, Y ) − supαi Lαi(x0, u1(x0), px, X) ≥ 0
±
^`_zqz}qs{_bdqKsuIvby®8Iq{dIºEIv<¹\dewq{dªsu_bdq{IcedeIcebwrssuz¬5vqIqzv¼¿ bºE^`_dIyudc A±¬Â:ºrdµ
sz°¬zvb°°5vqtsv6suq8±1¸b5y%su_bd§MIwbvq`¨ −tr[āαi(y0)Y − aαi(x0)X ] º (bαi(x0)px − b̄αi(y0)py) º
(c̄αi(y0)v1(y0) − cαi(x0)u1(x0))
º
(fαi(x0) − f̄αi(y0))
ºb¹\dwq{djsu_bdd8qKs{zcsud8q`IzÃId8vUzv­¿ ºb^`_bdµ
5y{d8c A(±ÂN±1¸'z¬vI°¬°oU¹\dI§rszv
m ≤ 2δ sup
αi
{|σ̄αi − σαi |20 + |b̄αi − bαi |20} +
1
δ
sup
αi
{(2[σαi ]21 + 4 + 2[bαi ]1)
(Lv1 + Lu1
2
)2
+(|u1|0[cαi ]1+[fαi ]1)
(Lv1+Lu1
2
)
}+supαi{|v1|0|c̄αi−cαi |0+|f̄αi−fαi |0}+ε1(1+|x0|2+|y0|2).JN¨¹\d5bUs{_bdst¹\Iq{d8q8ºr¹\d_¯GÃId
m ≤ 2k1δ +
k2
δ
+ k3 + ε1k4,
¹
_dyud
 k1 = supαi{|σ̄αi − σαi |20 + |b̄αi − bαi |20}
º
 k2 = supαi{
(Lu1+Lv1 )
2
4 (2[σ
αi ]21 + 4 + 2[b
αi ]1) +
(Lu1+Lv1 )
2 (|u1|0[cαi ]1 + [fαi ]1 + Lu0)}
º
 k3 = supαi{|v1|0|c̄αi − c|0 + |f̄αi − fαi |0}
º
 k4 = (1 + |x0|2 + |y0|2) ±mpzvd
minδ{2k1δ + k2δ } =
√
2k1k2,
°dsKsuz¬v
ε1
5ªsu
0
ºr¹\dI§rszv
m ≤
√
2k1k2 + k3.J¶vpÃId8yKsuz¬v |u1|0 v¯ |v1|0 º¹\d\_GÃId\°}qKjs{_bd`q{o6cecedsuy{z}%z¬vbd3|6w°z´sto5º_bd8vd\¹%d\_GÃ5d/s{_d\yud8q{wb°¬s8º¹
z¬s{_
ku1,v1i
rdÌvbd8UIq/§Md¨©5y{d5±'¸Iyãs{_bdjIdvdy°8Iq{dIº6¹%d+_¯GÃId+5vb°¬oªs{y{d3°°bsu_s
Lun−1 = Lu0
º
¨©5y+°°
n
±
2
   ÊÊÊ     Ê %Ê  ©  Ê 2
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 ¤ d
b°¬os{_bd`byud8d8rd8v5s1byuIM5q{z¬s{zIvºw¯qKzvbs{_s |ḡ−g| ≤ [g]1ε º¨©5y
g = σ, b, c, f
± ^`_bdv ¹\d _GÃ5d s{_bd y{d3qKwb°¬s8±
2
%5vqKz}rd8y
vb¹su_bd(qK¹
z¬su_z¬vbq{orqtsudcq± ¤ dIzÃId_bd8y{dvBd«psudvq{z¬5vI¨\¿ rº 6EdcecA(±ÂN±
   ÊãÊ Ó Ê 
+  

vn
) 
wn
-F	
% #&)	   !   3(# )	   *)(  

n ≥ 1      (
)*	
σ, b, c, f
) 
σ̄, b̄, c̄, f̄

	!(+(% 5	 $()    (
sup
x,i
{vni (x) − wni (x)} ≤ (2k1kv
n,wn
2 )
1/2 + kv
n,wn
3 ,
  
+
æ©Ù'ìæèÚ
 
		
		 "!$#&%'	( )*+%,!$.-(%/( .I
 k1 = supαi{|σ̄αi − σαi |20 + |b̄αi − bαi |20}

 kv
n,vn
2 = supαi{
(Lvn+Lwn)
2
4 (2[σ
αi ]21 + 4 + 2[b
αi ]1)
+
(Lun+Lvn )
2 (|vn|0 ∧ |wn|0[cαi ]1 + [fαi ]1 + Lu0)}

 kv
n,wn
3 = supαi{|vn|0 ∧ |wn|0|c̄αi − cαi |0 + |f̄i
α − fαi |0}

   ÊÊ 
 ¤ dby{Ã5d+su_bdjy{5¯6qKz¬s{zIvU¨©Iy
n = 1
± ¤ dIbb°oes{_bdq{Icedjcedsu_brbq`Iq\zv¿ rºb^`_bd8Iyudc
A±¬ÂCr¹\d(q{ds
m := sup
x,y,i
φi(x, y) := sup
x,y,i
{v1i (x) − w1i (y) − δ|x− y|2 − ε1(|x|2 + |y|2)}.
6Eds
m = φj(x0, y0)
º3z:± dI±
(j, x0, y0)
s{suIz¬vqs{_bdãq{wbbyudcªwbc"±?6ds
A := {i ∈ I, (i, x0, y0)
sKszvq\s{_d(qKwby{d8cwbc } ±^`_dvº§poP¿Árº 6d8cece A± Â:º'su_bdyud¦d«rz}qtsq
i0 ∈ A
º1qKw¯_­s{_s
w1i0 (y0) < minj 6=i0{w1j (y0) + l}
±
Ahbb°opz¬vb<s{_bd¦vs{zIv­I¨`Ãpz}q{5q{z´stoqK5°¬wrsuz¬5vºv Jtq{_bzz  q°dcecbº's{_bd8y{dd«rzqKs
X,Y ∈ SN qKw¯_su_s
0 ≤ max{L̄αi0 (y0, w1i0(y0), py, Y );w
1
i0(y0) −Mu0(y0)} 2 5.3
−max{Lαi0 (x0, v1i0(x0), px, X); v1i0(x0) − minj 6=i0{v
1
j (x0) + `}; v1i0(x0) −Mu0(x0)},
¹
_dyud
px
º
py
º
X
v
Y
q{s{z}qt¨©o 2 .G<3hv 2 I 3ï±%5v6s{zv6wz¬vbBIqhz¬v<y{5¯6qKz¬s{zIv<·±IºW¹%dI§rszvsu_bdyud8q{wb°´s3±
2
   ÊÊ»Ê   Æ  )¡ 
 
 ¤ dUb°¬os{_dUbyud8d8rd8v5ssu_bd5y{d8c"º'w¯qKzvb"s{_¯s |ḡ − g| ≤ [g]1ε º¨©Iy
g = σ, b, c, f
±
2
 ÆpÊ   Æ    
   (  
Avn ≤ · · · ≤ Av2 ≤ Av1 ,
Awn ≤ · · · ≤ Aw2 ≤ Aw1 .
   ÊÊ<:ª^`_bd¨©5y{c ¨
Ag
v¯
Lg
º
g = vi, wi
º
i ≥ 0 º'rdÌvbd3­z¬v 2 b3(v 2 9&@3yud8q{Md8ïsuz¬Ã5d°oIºzceb°o¦s{_dy{d3qKwb°¬s8±
2
  
`
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su_bd(IbÃIdyq{dqKs{5bbzvbIq{dI±1+IbMIy{s
bd(
d8_bd8yu_d Jtfj J A(ºh`µ¶9.9¯Iºb59±
¿ Â¯± ¸%±M·\IvbvIvq8ºb½+±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dUqu_bd8c»d3q¨©Iy
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 	ïº9<:¬3I.G M35r5ºI5Ib±
¿ GÂ Jï±¯\Ibw8H8µ¶jI°}ds{su»vB6/±êj±r½/Ãv¯q±ãjrsuz¬c°q{¹
z´s_bzvb»¨©Iy`Iyrzvyuorz´ÍWdyudv6suzI°d8|6wµ
suz¬5vq8± "    )*+% ! º¯I:¬H95 W8IºI.G.9±
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s{¦Ãpz}q{5q{z´stoBqK5°¬wrsuz¬5vq+I¨ãqKd35v
5yubdy1IyKsuzI°brz´ÍWdyudv6suzI°rd8|6wsuz¬5vq8±#
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jrs{zc°qtsup_¯IqKs{z}qK¹
z¬su_bzvbBvBsu_bdªrzyuz_b°d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:8<I5 MIGGºrHI.II±
¿3Â³±Jtq{_bz¬zIvm±Eh5z¬¾5dI±
jzqu6qKz¬sto¦q{I°wrs{zIvq\I¨'eqKorqKs{d8c¨vIvb°z¬vd8y
q{d8IvUIyrdy\d°°¬zrsuz
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